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Abstract

This paper is a study of nuclear reactions involving 12C + 12C nuclei carried out with a heavy-
ion nucleus-nucleus optical potential derived from a new M3Y-type eff ective interaction, called 
B3Y-Fetal, within the framework of optical model at the incident energies of 112, 126.7, 240, 
300, 1016 MeV. Folding analyses of the diff erential cross sections associated with the elastic 
scattering of the nuclear system, determined at these incident energies with four B3Y-Fetal-
based folded potentials constructed from double folding model, have shown the DDB3Y1- and 
BDB3Y1-Fetal potentials to be the best in excellent agreement with previous work done with 
the M3Y-Reid. The agreement of the B3Y-Fetal with the famous M3Y-Reid eff ective interaction, 
which is also used for folding analysis in this work, is further buttressed and well-established by 
the fi ndings of this study Herein, the values of the renormalization factor, NR ranging from 1.1117 
to 0.8121, obtained with the B3Y-Fetal have been found to be slightly higher, with lower reaction 
cross sections, aR = 1418 - 1047 millibarns, than NR = 0.9971 - 0.8108 obtained with the M3Y-
Reid eff ective interaction whose accompanying reaction cross sections, being higher, range from 
1431 to 1050 millibarns. This depicts the B3Y-Fetal as having a better performance. Additionally, 
results of folding analyses have shown the best-fi t folded potentials, DDB3Y1- and BDB3Y1-
Fetal potentials to be in agreement at all incident energies, implying that the cold nuclear matter 
has an underlying soft equation of state.

Introduction
Nuclear reaction takes place when a nucleon or nucleus 

collides with an other nucleon or nucleus. The characteristics 
of the nuclear reactions induced by nucleons or nuclei are 
summarized in distributions of reaction products called 
cross-sections [1]. Nuclear reactions are studied in nuclear 
scattering experiments, among which elastic scattering is 
believed to be the simplest [2-4] because it involves very little 
rearrangement of matter and energy [5]. This process has been 
studied in a large number of theoretical and experimental 
investigations for more than forty years, so a huge body of 
elastic cross-section data is currently available [5].

Experimentally, the establishment of many radioactive 
beam facilities around the world such as the Cooling Storage 
Ring (CSR) facility HIRFL in China, the Radioactive Ion Beam 
(RIB) Factory at RIKEN in Japan, the FAIR/GSI in Germany, 
SPIRAL2/GANIL in France and the facility for Rare Isotope 
Beams (FRIB) in USA has made it possible to study heavy-
ion reactions fairly explicitly in terrestrial lab oratories. 
Knowledge gained from these reactions is important for 

understanding not only the structure of radioactive nuclei, 
the equation of state (EOS) of sym metric and asymmetric 
of nuclear matter, the reaction dynamics induced by rare 
isotopes and the liquid-gas phase transition in asymmetric 
nuclear matter, but also many critical issues in Astrophysics.

To study the average features of the collision between two 
nuclei such as elastic scattering and the gross absorption of 
the incident ϐlux into non-elastic channels, the optical model 
(OM) is one of the most widely and successfully used nuclear 
models [6,7]. The earliest optical potential used in many 
analyses was a phenomenological local potential, having a 
Woods-Saxon functional form, whose parameters were varied 
to yield a good ϐit to experimental data [8]. The nuclear part 
of the potential consists of a real and a complex (imaginary) 
part which allows for volume or surface absorption. This form 
of optical potential has been used in OM analyses of elastic 
data [6,9] with good success, but is now used with de creasing 
popularity, most especially in refractive heavy-ion scattering 
where there is increasing understanding of the real part of 
the potential from ϐirst principles. The newer approach in OM 
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analyses is an optical potential derived in the frame work of 
macroscopic approximation using nuclear matter properties, 
nuclear sur face, density distributions of nuclei and a simple 
effective nucleon-nucleon (NN) interaction. A very convenient 
way of incorporating gross nuclear matter proper ties in OM 
analyses is through the use of folding models [2] believed to be 
one of the most successful models used for years to calculate 
the nucleon-nucleus and nucleus-nucleus optical potentials. 
In this approach, the optical potential is gen erated by folding 
an effective nucleon-nucleon interaction over the ground-
state density distributions of the two nuclei [10-12]. The 
effective nucleon-nucleon (NN) interaction is usually based 
on a realistic NN force because the goal in OM analyses is to 
obtain a uniϐied description of the nucleon-nucleon, nucleon-
nucleus and nucleus-nucleus scattering [5].

Theoretically, the M3Y-type effective interaction, along 
with the nuclear den sities of the target and projectile nuclei, 
has consistently been a popular choice in the folding model 
[13,14] to calculate the nucleon-nucleus and nucleus-nucleus 
potentials. For this reason, we principally use our new M3Y-
type effective interac tion, the B3Y-Fetal, in its energy- and 
density-dependent form alongside appropri ately chosen 
nuclear projectile and target densities in a double folding 
model to construct a nucleus- nucleus heavy-ion (HI) optical 
potential meant for the study of the elastic scattering of 
12C +12C nuclei at various collision energies with the intent 
to evaluate the differential cross sections of the different 
nuclear reactions in this study. In doing this, the density 
dependences to use are the DDM3Y1, BDM3Y1, BDM3Y2 and 
BDM3Y3. When the B3Y-Fetal effective interaction is used 
in these density-dependent versions, they will be called the 
DDB3Y1 -Fetal, BDB3Y1-Fetal, BDB3Y2-Fetal and BDB3Y3-
Fetal interactions respectively. Differ ent density-dependent 
versions of the M3Y-Reid and M3Y-Paris interactions, which 
generated different values of incompressibility, K of the cold 
nuclear matter within the Hartree-Fock (HF) formalism, have 
been used either in the single folding [15] or double folding 
model [9,12,16] previously For comparative purposes, the 
B3Y-Fetal is to be used in the named density-dependent 
versions along with the M3Y-Reid interaction. Like the the 
M3Y-Reid and M3Y-Paris interactions, the B3Y- Fetal has been 
used in symmetric [17,18] and asymmetric [19,20] nuclear 
matter calculations with agreeably impressive and convincing 
results; and this study is a further test of the viability of the 
new M3Y-type effective interaction. In this light, folding 
analyses to be carried out in this study are a computational 
necessity for a complete description of the form and character 
of the B3Y-Fetal interaction.

The 12C +12C system chosen for the study of elastic 
scattering in this work is one of the most widely studied 
combinations of light heavy ions, so there is a relative 
abundance of experimental data at low and intermediate 
energies for the folding analyses of nuclear reactions 

involving them. In addition, this nuclear system is known to 
exhibit weak absorption in elastic scattering so that refrac-
tive scattering takes place in it. The refractive scattering in 
this work provides a very important information on the EOS 
of the cold nuclear matter and helps to determine the real 
component of HI optical potential down to small inter-nuclear 
distances, giving the possibility of testing different theoretical 
models for heavy- ion optical potential. Therefore, this study 
affords us the opportunity to test and establish the viability 
of the theoretical model used for developing the B3Y-Fetal 
by helping us to determine the goodness of the HI optical 
potential based on the new B3Y-Fetal. In pursuit of this, we 
use the famous M3Y-Reid along with the B3Y-Fetal effective 
interaction as a measuring yardstick for determining the 
performance of the latter. In terms of organization, the rest 
of the paper is structured such that Section 2 describes the 
salient features of the HI optical potential tersely while Section 
3 presents and discusses the results of the study.

The heavy ion optical potential

The heavy ion optical potential for the study of 12C +12C 
nuclear reaction isgenerated using a double folding model in 
which the B3Y-Fetal effective interaction is folded with the 
nuclear densities of the identical nuclei in this work.

The radial form of the isoscalar part of the B3Y-Fetal NN 
interaction is given in terms of three Yuka was as [21]:
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Similarly, the functional form of the M3Y-Reid NN 
interaction is expressed in terms of three Yuka was as 
[13,22,23]:
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To be able to reproduce the saturation properties of 
nuclear matter correctly, a density-dependence is usually 
introduced into the M3Y-type effective interaction. The 
density-dependent effective interaction has the form:

vD(EX) (ρ, r) = g(E)F(ρ)vD(EX) (r),                                                            (3)

where F(ρ) is the density dependent factor whose explicit 
forms are

F(ρ) = Co (1 + αe-βρ)                                                                             (4)

and

F(ρ) = Co (1 + αρβ)                                                                              (5)
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Representing the DDM3Yn (n  =  1) and  BDM3Yn (n  =  0, 1, 2, 3)
interactions respectively. With these density dependences 
introduced into the B3Y-Fetal effec tive interaction, it was 
applied in our earlier paper to nuclear matter calculations, 
reproducing the saturation properties of the cold nuclear 
matter at density p0= 0.17/m-3 and binding energy, E/A =16 
MeV in excellent agreement with M3Y-Reid and M3Y-Paris 
effective interactions.

For the study of nuclear reactions, an energy dependence 
is added to the density-dependent interaction of Equation (3) 
so that the nucleon optical potential has the functional form:

vD(EX) (E,ρ,r) = g(E)F(ρ)vD(EX) (r),                                                    (6)

where g(E) ~ 1-0.002 E for the M3Y-Reid [12,23,24] as 
well as B3Y-Fetal [25]; and E is the incident nucleon energy. 
This energy- and density-dependent inter action is known to 
work well in folding model analyses of the elastic, refractive 
o-nucleus [26] and nucleus-nucleus [13,16,27] scattering; and 
this is the form in which the B3Y-Fetal is used alongside the 
M3Y-Reid in the folding model in this work.

The folding procedure generates the real part of the 
nucleus-nucleus optical potential, which is evaluated as an 
antisymmetrizedHartree-Fock-type potential of the form 
[2,11,12,27]:

1 2

ij
i A j A

V  ij| |ij ij| |ji  D EXv v
 

                                   (7)

where | i  and | j  are single-particle wave functions 
of nucleons i and j in the two colliding nuclei A1 and A1 
respectively; and vD and vEX are the direct and ex change 
potential components of the effective interaction with which 
the densities of the projectile and target nuclei are folded 
to have a direct and an exchange component of the optical 
potential as [12]:

     VD (E,R) = ∫ ρ1(r1)ρ2(r2)VD (ρ,E,s)dr1 dr2                               (8)  

With s = r1 – r2 + R 

VEX (E,R) = ρ1(r1, r1 + s)ρ2(r2, r2 - s)VEX  exp                            (9)  

where  ρ1 and ρ2 are the densities of the interacting nuclei, 
s = r1 – r2 + R is a vector corresponding to the distance 
between two speciϐied interacting points of the projectile and 
target whose radius vectors are r1 and r2 respectively; and 
Ris the vector joining the centres of mass of the two nuclei. 
While the direct component is local in coordinate space, the 
exchange component is non-local. The exchange potential is 
evaluated in this work using an exact, ϐinite- range method 
which involves treating the relative motion locally as a plane 
wave so that the local momentum of relative motion is:

     2
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                                         (10)

where M = 1 2

1 2( )
A A

A A
 is the reduced mass, Ec.m the centre-

of-mass (c.m)energy, E the incident laboratory energy per 
nucleon and m the bare nucleon mass  V(E,R) = VD (E,R) + VEX 
(E,R) is the total nuclear potential and VC(R) is the Coulomb 
potential.

Through a series of steps involving mixed-density 
expansion and extended Thomas-Fermi approximation, a 
local, energy-dependent exchange term is ob tained in the 
form [12,23,24]:
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Where f1(2)(r,s) = ρ1(2) (r)J1 (kF1(2)(r)s) and j0 (x) = sinx/x 
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Here,

          2
1(2) 0 01 2 1 24 , expy f r s r j tr r dr       

 

and

     
( ) 2
1(2) 0 1 2 1 2, 4 ( )m mz t s f r r dr  

The exchange potential is evaluated by exact iterative 
method herein. Since it is known from calculation that the 
energy dependence of the total folded po tential, V(E,R) on 
the exchange term is much stronger than its dependence on 
the intrinsic energy dependence, g(E) [2,11,23], accurate 
evaluation of the knock-on exchange effects is ensured in 
this work. Here, an insight into the energy depen dence of the 
optical potential is provided by the volume integral of the 
folded potential per interacting nucleon pair expressed as 
[11,23]:
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This parameter is a sensitive measure of the potential 
strength.
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In the ϐinal analysis, the heavy ion nucleus-nucleus optical 
potential for the study of 12C +12C nuclear reaction at the 
incident energies of 112, 126.7, 240, 300 and 1016 MeV in this 
paper is composed of the double folding model as the real part 
and a phenomenological Woods-Saxon shape as the imaginary 
part. The total real folded potential, resulting from the double 
folding model is real because the B3Y-Fetal as well as the 
M3Y-Reid is real. This real folded potential, V(E,R) consisting 
of direct, VD(E,R) and exchange, VEX(E,R) parts expressed 
as shown in equations (8) and (9), enters the optical model 
analyses, accounting for elastic scattering. The imaginary part 
(Woods-Saxon (WS) shape), whose parameters are adjusted 
to give the best ϐit to the scattering data, represents non-
elastic processes believed to cause the absorption of incident 
particles in nuclear reactions [28]. Thus, the HI optical 
potential in our optical model calculations is [12]:

     ,  ,  , 1 V
R D EX V

v

R RU E R N V E R V E R iW exp
a

   
               

    (16)      

where WV, aV and RV are the strength, diffuseness and radius 
of the volumeterms of the Woods-Saxon function respectively 
[29]. We adjust these parametersalongside the normalization 
factor, NR to obtain best ϐits to the elastic scattering angular 
distributions. All the nuclear densities in the folding model 
are taken as a Fermi distribution with parameters that can 
reproduce the shell-model densities for the nuclei under 
consideration. All computational analyses of the optical model 
are to be carried out using the ECIS-97 code.

Results and discussion
The folding analyses of the elastic scattering of 12C +12C 

nuclear system at different incident energies within the 
framework of optical model were success fully performed with 
the B3Y-Fetal and M3Y-Reid interactions in their DDM3Y1, 
BDM3Y1, BDM3Y2 and BDM3Y3 density-dependent versions 
in this paper. Re sults of the folding analyses, presented in 
tables 1.0 a - 1.0 f and Figures 1.0 - 7.0, show the B3Y-Fetal 
effective interaction to be in excellent agreement with the 
M3Y-Reid interaction. It is worthy of mention that this most 
widely studied HI sys tem has been found to be characterized 
by very weak absorption in the low-energy data in agreement 
with [12], making the occurrence of nuclear rainbow possible 
in the angular distribution. In discussing the results obtained 
with the four types of the real folded potential in table 1.0, 
the performance of the B3Y-Fetal effective interaction at the 
various incident energies is ϐirst generally discussed and then 
compared with the M3Y-Reid whenever the need arises.

At the incident energy of 112 MeV, Figure 1.0 presents 
the DDB3Y1-Fetal, BDB3Y1-Fetal and BDB3Y2-Fetal in the 
upper region as the folded potentials with reasonably good 
ϐits, while the DDM3Y1-Reid, BDM3Y1-Reid and BDM3Y2-
Reid are also shown in the lower region as the potentials with 
acceptable ϐits. These best-ϐit folded potentials have NR values 
(Table 1.0a) that are very close to 1, indicating that the effect 
of dynamical polarization is very weak. The BDB3Y3- Fetal as 
well as the BDM3Y3-Reid potential has a very different shape 
as well as slope, making it unable to reproduce the large-

 
 
 

Potential NR - JR 
( M e V  fm3) 

2 ½
R‹r ›

(fm) 
W V  

( M e V )  
R V  
(fm) 

a V  
(fm) 

σR 
(mb) 

 2 

DDM3Y1-REID 
0.9085 

(0.9954) 
0.9296 

336.1 
(336.6) 
346.3 

3.8400 
(3.7950) 
3.8041 

19.229 
(18.259) 
18.720 

5.1753   
(5.1753) 
5.1753 

0.6679 
(0.6679) 
0.6679 

1397 
(1393) 
1390 

8.84 
(15.8) 
11.72 

BDM3Y1-REID 
0.9348 

(1.0298) 
0.9463 

345.9 
(339.6) 
345.0 

3.8454 
(3.8029) 
3.8086 

18.3191 
(18.123) 
17.936 

5.2134   
(5.2134) 
5.2134 

0.6563 
(0.6563) 
0.6563 

1398 
(1391) 
1388 

7.7 
(15.2) 
11.5 

BDM3Y2-REID 

BDB3Y2-FETAL 

0.9971 
(1.1198) 
1.0126 

349.9 
(348.5) 
351.5 

3.8656 
(3.8291) 
3.8261 

17.6050 
(17.605) 
17.605 

5.3385   
(5.3385) 
5.3385 

0.6171 
(0.6171) 
0.6171 

1386 
(1383) 
1381 

7.5 
(13.5) 
11.1 

BDM3Y3-REID 

BDB3Y3-FETAL 

0.8706 
(0.9832) 
1.1117 

304.9 
(279.5) 
313.7 

3.8969 
(3.9105) 
4.1386 

15.305   
(15.305) 
15.305 

5.4541   
(5.4541) 
5.4541 

0.5949 
(0.5949) 
0.5949 

1358 
(1354) 
1373 

20.6 
(32.8) 

6.7 

DDM3Y1-REID 

DDB3Y1 FETAL

0.8885 
(0.9873) 
0.9422 

332.7   
(330.9) 
346.8 

3.8405 
(3.7967) 
3.8046 

17.949   
(17.949) 
17.949 

5.3708   
(5.3708) 
5.3708 

0.5810 
(0.5810) 
0.5810 

1355 
(1350) 
1354 

7.7 
(10.0) 
9.00 

BDM3Y1-REID 

BDB3Y1-FETAL 

0.9110 
(1.0188) 
0.9721 

333.2 
(332.9) 
350.1 

3.8460 
(3.8047) 
3.8091 

17.960   
(17.960) 
17.960 

5.3836   
(5.3836) 
5.3836 

.5790 
(0.5790) 
.5790 

1357 
(1353) 
1356 

8.1 
(9.6) 
9.0 

BDM3Y2-REID 

BDB3Y2-FETAL 

0.9895 
(1.0981) 
1.0487 

343.2 
(338.6) 
359.6 

3.8663 
(3.8309) 
3.8268 

18.271   
(18.271) 
18.271 

5.4031   
(5.4031) 
5.4031 

0.5762 
(0.5776) 
0.5762 

1367 
(1363) 
1365 

8.5 
(9.3) 
9.2 

BDM3Y3-REID 

BDB3Y3-FETAL 

0.9734 
(0.9734) 
1.0760 

337.1 
(274.1) 
299.4 

3.8975 
(3.9036) 
4.1428 

17.443   
(17.443) 
17.443 

5.3844   
(5.3844) 
5.3844 

0.5722 
(0.5722) 
0.5722 

1346 
(1332) 
1350 

9.7 
(18.1) 
8.4 

(a) 12C+12C, ELab = 112MeV 

(b) 12C+12C, ELab = 126.7MeV 

Table 1: Optical Parameters Used in the Folding Analyses of the Elastic 12C +12C Scattering Data at ELab = 112 — 1449 MeV. 
The results obtained in Ref. [12] with M3Y-Reid interaction are in brackets.
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Potential NR - JR 
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DDM3Y1 -REID 
0.8108  

(0.9307)  

0.8439  

265.8  

(279.7)  

269.4  

3.8494  
(3.8190)  
3.8135  

28.835  

(28.349)  

28.828  

5.461   

(5.0461)  

5.0461  

0.6916  

(0.6916)  

0.6916  

1419  

(1413)  

1418  

12.4  

(23.2)  

10.6  

BDM3Y1 -REID 
0.8270  

(0.9545)  

0.8585  

264.6  

(279.6)  

268.0  

3.8557  

(3.8274)  

3.8186  

28.1786  

(27.747)  

28.1313  

5.917   

(5.0917)  

5.0917  

0.6827  

(0.6827)  

0.6827  

1419  

(1417)  

1417  

13.2   

(25.4)  

11.2  
BDM3Y2 -REID  

BDB3Y2 -FETAL  

0.8636  

(1.0120)  

0.8811  

261.5   

(279.4)  

261.5  

3.8778  

(3.8546)  

3.8378  

27.4641  

(27.256)  

27.287  

5.1503   
(5.1503)  

5.1503  

0.6726  

(0.6726)  

0.6726  

1421  

(1419)  

1418  

15.5  

(30.7)  

12.8  
BDM3Y3 -REID  

BDB3Y3 -FETAL  

0.8505  

(1.0577)  

0.8555  

258.7  

(266.1)  

200.9  

3.9070  

(3.9285)  

4.1990  

26.0360  

(25.412)  

23.963  

5.2630   
(5.2630)  

5.2630  

0.6572  

(0.6572)  

0.6572  

1431  

(1424)  

1404  

16.8  

(39.6)  

17.22  

(c) 12C+12C, ELab = 240MeV 

(d) 12C+12C, ELab = 300MeV 
Table 1: c,d

Potential NR - JR 
( M e V  fm3) 

‹ r › ½  
(fm) 

W V  
( M e V )  

R V  
(fm) 

a V  
(fm) 

σR 
(mb) 

2 

DDM3Y1 -REID 
0.9212  

(0.9212)  

0.9212  

180.0  

(181.4)  

162.7  

3.9305  

(3.9280)  

3.9101  

17.883   
(17.683)  

17.883  

5.714   

(5.0714)  

5.0714  

0.8371  

(0.8371)  

0.8371  

1205  

(1199)  

1198  

9.0  

(18.1)  

9.5  

BDM3Y1 -REID 
0.9517  

(0.9517)  

0.9517  

181.1  

(182.4)  

164.0  

3.9392  
(3.9376)  
3.9172  

17.1660  

(16.966)  

16.966  

5.1652   
(5.1652)  

5.1652  

0.8210  

(0.8210)  

0.8210  

1209  
(1203)  
1202  

9.7  

(21.9)  

8.9  
BDM3Y2 -REID  

BDB3Y2 -FETAL  

1.300   

(1.0300)  

1.0300  

184.3  

(185.3)  

167.7  

3.9668  

(3.9675)  

3.9408  

16.3430  

(16.143)  

16.143  

5.2726   
(5.2726)  

5.2726  

0.8294  

(0.8294)  

.0.8294  

1238  

(1231)  

1230  

13.6  

(38.6)  

9.3  
BDM3Y3 -REID  

BDB3Y3 -FETAL  

0.9006  

(1.1006)  

0.9006  

167.0  
(179.5)  
101.2  

3.9764  
(4.0451)  
4.5815  

17.186   
(17.186)  

17.186  

5.2171   
(5.2171)  

5.2171  

0.8253  

(0.8253)  

0.8253  

1234  
(1236)  
1231  

14.6  

(104.7)  

41.8  

 

Potential NR - JR 
( M e V  fm3) 

‹ r › ½  
(fm) 

W V  
( M e V )  

R V  
(fm) 

a V  
(fm) 

σR 
(mb) 

2 

DDM3Y1 -REID 
0.9572  

(0.9572)  

0.9572  

189.0   

(188.5)  

169.0  

3.9305  

(3.9280)  

3.9101  

49.483   
(49.283)  

49.483  

3.6925   
(3.6925)  

3.6925  

0.8315  

(0.8315)  

0.8315  

1062  

(1060)  

1059  

10.1  

(8.8)  
6.7  

BDM3Y1 -REID 
0.9784  

(0.9784)  

0.9784  

186.1  

(187.5)  

168.6  

3.9392  
(3.9376)  
3.9172  

50.0090  

(49.809)  

49.809  

3.6793   
(3.6793)  

3.6793  

0.8314  

(0.8314)  

0.8314  

1061  

(1059)  

1057  

10.4   

(8.7)  

6.4  
BDM3Y2 -REID  

BDB3Y2 -FETAL  

1.251   

(1.0251)  

1.0251  

183.5  

(184.5)  

167.0  

3.9668  

(3.9675)  

3.9408  

50.636  

(50.436)  

50.436  

3.6569   
(3.6569)  

3.6569  

0.8323  

(0.8323)  

0.8323  

1058  

(1056)  

1054  

11.3  

(8.6)  

5.5  
BDM3Y3 -REID  

BDB3Y3 -FETAL  

0.8854  

(1.0854)  

0.8854  

164.2  

(177.0)  

99.5  

3.9764  

(4.0451)  

4.5815  

50.90   

(50.0090)  

50.0090  

3.6341   
(3.6341)  

3.6341  

0.8376  

(0.8376)  

0.8376  

1050  

(1051)  

1047  

13.0  

(9.8)  

19.8  

(e) 12C+12C, ELab = 1016MeV, Imag. WS(I)Pot. 

(f) 12C+12C, ELab = 1016MeV, Imag. WS(II)Pot. 
Table 1: e,f
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angle scattering data well. The accompanying imaginary WS 
potentials are generally weak with values that are similar 
to the results of past work [12]; and this is indicative of the 
transparency of the optical potential used for 12C +12C here. 
In addition, the values of the volume integral of the optical 
potential per interacting nucleon pair, JR obtained with the 
three best-ϐit folded potentials are very close and much bigger 
than that of the BDM3Y3-based folded potential (Table 1.0a). 
Thus, the DDM3Y1-, BDM3Y1- and BDM3Y2-based folded 
potentials are all seen here to belong to the family of deep 
refractive potentials, but with these low-energy data, it is 
difϐicult to identify which of them is the most appropriate to 
describe the data. 

With respect to elastic scattering data at the energies of 
240 MeV and 300 MeV, folding analysis shows a rainbow 
enhancement of the elastic scattering cross section at large 
angles in ϐigure 2.0. The difference between the different folded 
potentials at small distances is reϐlected in the calculated cross 
sections at large angles, so it is possible to determine the best 
folded potential that gives a reason able description of the data 
in the whole angular range. A closer look at ϐigure makes it 
clear that the DDB3Y1 -Fetal and BDB3Y1-Fetal are the most 
realistic at these angles because they give a better description 
of the elastic data in the large-angle region than the other two 
folded potentials. The description of the large-angle data by 
the BDB3Y2-Fetal and BDB3Y3-Fetal is visibly bad. In order 
to explain the cause of this degraded performance of the last 
two potentials, we have plotted the optical potentials used for 

the analysis of the elastic data at 300 MeV in the upper region 
of ϐigure 3.0 in which the weak WS potentials are shown to 
be close in strength and shape, indicating obviously that the 
difference in the calculated cross sections at large angles is 
solely traceable to the difference in the strengths of the folded 
potentials (underneath the WS potentials in the upper re gion) 
at small inter-nuclear distances. Figure 4.0 has been included 
to show that the BDB3Y3-Fetal is more repulsive that the 
BDM3Y3-Reid. In the present work, a detailed folding analysis 
of the 12C +12C data at ELAć= 1016 MeV has revealed that the 
data are sensitive to the real optical potential down to about 
3fm, but no rainbow pattern is observed as shown in ϐigure 
5.0. At this incident energy, two categories of the imaginary 
WS potential: a weak one (WSI) with a depth of about 16 MeV 
and a strong one (WSII) about 50 MeV deep are used for the 
analysis. For the 1016 MeV data, the difference in real folded 
potentials at about 3fm (upper parts of ϐigures 5.0 and 6.0) 
is seen to inϐluence the calculated cross sections, with the 
DDB3Y1- and BDB3Y1-Fetal as well DDM3Y1- and BDM3Y1-
Reid poten tials giving the best ϐit with the weak WSI potential. 
Again, the radial shape of the BDB3Y3-Fetal potential is shown 
in the upper region of ϐigure 5.0 to be much more repulsive at 
this energy, giving an unreasonable description of the elastic 
data compared with its attractive BDM3Y3-Reid counterpart 
in the upper region of Figure 6.0 with a much better 
performance. With the strong absorptive WSII potential, all 
the real folded potentials, with the exception of the BDB3Y3-
Fetal, have about the same ϐits to the data (Table l.0f) which 
are better than those ob tained with WSI, but no sensitivity of 

 

Potential NR 
- JR 

( M e V  fm3) 
‹ r › ½  
(fm) 

W V  
( M e V )  

R V  
(fm) 

a V  
(fm) 

σR 
(mb) 

2 

DDM3Y1 -REID 
DDB3Y1 -FETAL  

0.9168  
(0.9168)  
0.9168  

134.3  
(142.9)  
111.9  

4.0025  
(4.0055)  
4.0178  

12.255   
(12.255)  
12.255  

5.4093   
(5.4093)  
5.4093  

1.54   
(1.0054)  
1.0054  

1191  
(1191)  
1189  

3.2  
(26.1)  
in  

BDM3Y1 -REID 
BDB3Y1 -FETAL  

0.9376  
(0.9376)  
0.9376  

133.6   
(142.1)  
111.6  

4.0120  
(4.0156)  
4.0257  

11.9010  
(11.701)  
11.701  

5.4810   
(5.4810)  
5.4810  

1.301   
(1.0301)  
1.0301  

1221  
(1210)  
1209  

3.3  
(27.1)  

7.9  

BDM3Y2 -REID  
BDB3Y2 -FETAL  

0.9937  
(0.9937)  
0.9937  

132.9  
(141.2)  
111.5  

4.0417  
(4.0464)  
4.0506  

10.563  
(10.363)  
10.363  

5.7173   
(5.7173)  
5.7173  

1.531   
(1.0531)  
1.0531  

1258  
(1245)  
1244  

4.2  
(30.4)  
8.3  

BDM3Y3 -REID  
BDB3Y3 -FETAL  

0.8978  
(1.0978)  
0.8978  

127.2  
(141.1)  
61.1  

4.0313  
(4.1248)  
4.9952  

10.121  
(10.121)  
10.121  

6.2735   
(6.2735)  
6.2735  

1.483   
(1.0483)  
1.0483  

1462  
(1259)  
1460  

4.0  
(40.7)  
22.3  

Potential NR - JR 
( M e V  fm3) 

‹ r › ½  
(fm) 

W V  
( M e V )  

R V  
(fm) 

a V  
(fm) 

σR 
(mb) 

2 

DDM3Y1 -REID 
0.9551  

(0.9551)  

0.9551  

139.9  
(148.9)  
116.6  

4.0025  

(4.0055)  

4.0178  

45.052  

(44.852)  

44.852  

3.7350   
(3.7350)  

3.7350  

.07809  

(0.7809)  

0.7809  

929  
(927)  
925  

2.2  

(20.4)  

3.8  
BDM3Y1 -REID  

BDB3Y1 -FETAL  

0.9732  

(0.9732)  

0.9732  

138.6  

(147.5)  

115.8  

4.0120  

(4.0156)  

4.0257  

44.709  

(44.509)  

44.509  

3.7333   
(3.7333)  

3.7333  

0.7783  

(0.7783)  

0.7783  

923  

(921)  

919  

1.3  

(19.6)  

3.7  
BDM3Y2 -REID  

BDB3Y2 -FETAL  

1.163   

(1.0163)  

1.0163  

135.9  

(144.4)  

114.1  

4.0417  

(4.0464)  

4.0506  

43.253  

(43.053)  

43.053  

3.7411   
(3.7411)  

3.7411  

0.7729  

(0.7729)  

0.7729  

909  

(908)  

906  

1.2  

(17.6)  

3.5  
BDM3Y3 -REID  

BDB3Y3 -FETAL  

0.8873  

(1.0873)  

0.8873  

125.7  

(139.8)  

60.4  

4.0313  

(4.1248)  

4.9952  

38.819   
(38.819)  

38.819  

3.7793   
(3.7793)  

3.7793  

0.7702  

(0.7702)  

0.7702  

885  

(886)  

882  

1.4  

(13.4)  

2.8  

(g) 12C+12C, ELab = 1449MeV, Imag. WS(I)Pot. 

(h) 12C+12C, ELab = 1449MeV, Imag. WS(II)Pot. 
Table 1: g,h
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Figure 1: Fits to the 12C +1’2C Elastic Data at ELab= 112 MeV by the Four Types 
of Real Folded Potential Derived from B3Y-Fetal (Upper) and M3Y-Reid (Lower) 
Alongside the Volume Woods-Saxon [W(R)=WS(I)] Imaginary Potential.

Figure 2: Fits to the 12C+ 12C Elastic Data at ELab = 300 MeV (Lower Part) and ELab 
= 240 MeV (Upper Part) Obtained with B3Y-Fetal.

 

R [fm]  

 

 øcm [deg]  

Figure 3: Fits to the 12C +12C Elastic Data at ELab= 300 MeV (Lower Part) Based 
on B3Y-Fetal with the Radial Shapes of the Real Folded V(R) and Volume Woods-
Saxon [WS(I)] Imaginary Potentials (Upper Part).

R [fm]

 

cm [deg]  

Figure 4: Fits to the 12C+12C Elastic Data at ELah= 300 MeV (Lower Part) Obtained 
with M3Y-Reid and the Radial Shapes of the Real Folded V(R) Potential (Upper Part).
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the data to the real potential at small radii is observed. This is 
well illustrated in ϐigure 7.0, where the BDB3Y3-Fetal is shown 
to give a more reasonable description of the elastic data.

On the basis of the information got from the results of 
our analyses of 12C +12C system so far, it can be reliably said 
that the DDB3Y1- and BDB3Y1-Fetal folded potentials are the 
most suitable potentials to ϐit the data. This conclusion is in 
agreement with the opinion of previous researchers [12,26] 
who did extensive work on the same system. Furthermore, it 
is obvious that the BDB3Y3-Fetal has the poorest description 
of the 12C +12C data at all energies studied in this work; this 
is also in perfect agreement with previous work [12,26]. Its 
performance has been seen to have consistently deteriorated 
with increasing incident energy. With increasing energy, the 
direct component of the real folded potential, known to be 
repulsive [25], has a dominating inϐluence on the exchange 
component of the real folded potential shown to be attractive 
in [25], forcing the total real folded po tential to be repulsive 
(Figures 3.0, 5.0 and 7.0) in the small-radius region with 
attendant performance degradation.

As regards the overall performance of the two effective 
interactions in the OM analyses of elastic scattering data, the 
B3Y-Fetal has been shown so far to demon strate acceptable 
agreement with the M3Y-Reid. Tables 1.0a - l. Of show that the 
values of the renormalization factor, Nė obtained with the B3Y-
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Figure 5: Fits to the 12C +12C Elastic Data at ELab= 1016 MeV (Lower Part) Based 
on B3Y-Fetal with the Radial Shapes of the Real Folded V(R) and Volume Woods- 
Saxon [WS(I)] Imaginary Potentials (Upper Part).
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Figure 6: Fits to the 12C +12C Elastic Data at ELab= 1016 MeV (Lower Part) Ob tained 
with M3Y-Reid and the Radial Shapes of the Real Folded V(R) Potential (Upper 
Part).

Figure 7: Fits to the 12C +12C Elastic Data at ELab= 1016 MeV (Lower Part) Based 
on B3Y-Fetal with the Radial Shapes of the Real Folded V(R) and Volume Woods- 
Saxon [W(R)=WS(II)] Imaginary Potentials (Upper Part) Used in the OM Analy ses.
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Fetal are slightly higher than those obtained with the M3Y-Reid 
so that the corresponding reaction cross sections, aR for the 
former are lower than those for the latter in almost all cases. 
This level of performance by B3Y-Fetal is quite impressive; 
but the effect of the direct component of its optical potential 
plays an inhibiting role in the perfor mance of the interaction 
as the incident energy increases. A well-established trend 
that both interactions portray is that of the optical potential 
becoming progres sively repulsive as the incident energy 
increases, which is in agreement with the work of Nuclear 
Physics scholars [2,11,12,23,30]. However, the optical poten-
tial based on the B3Y-Fetal is shown in ϐigures 3.0, 5.0 and 7.0 
to grow repulsive with increasing incident energy faster than 
its M3Y-Reid counterpart in ϐigures 4.0 and 6.0. Of particular 
note is the rapidity with which the BDB3Y3-Fetal becomes 
completely repulsive in the small internuclear separation 
region in ϐigures 3.0 and compared with the corresponding 
BDM3Y3-Reid in ϐigures 4.0 and 6.0. This effect is shown in 
the lower part of ϐigure 5.0 to have degraded the description 
of 12C +12C elastic data by the BDB3Y3-Fetal whose curve does 
not seem to have any resemblance to the others; but this is 
not so with the BDM3Y3-Reid optical potential in ϐigure 
6.0. Thus, even though it is known that the BDM3Y3-based 
folded potential, compared with the others, gives the poorest 
description of the elastic scattering data of nuclear systems 
[12], available results have proven the folded potential based 
on the BDB3Y3-Fetal to be poorer than its BDM3Y3-Reid 
counterpart in the folding analyses of the nuclear system 
performed in this paper. The folded optical potential based 
on the BDM3Y2 interaction is seen in both cases in all ϐigures 
to give worse description of elastic scattering data than the 
optical potentials derived from the BDM3Y1 and DDM3Y1 
interactions. In respect of the last two folded potentials, 
the agreement between the B3Y-Fetal and M3Y-Reid in-
teractions as seen in all ϐigures from 1.0 to 7.0 is unequivocally 
impressive, seeing that both effective interactions have shown 
these optical potentials from the fold ing analyses carried out 
in this work to be the best in agreement with the ϐindings of 
Khoa, et al. [12,26]. The agreement between these best-ϐit 
folded potentials, DDB3Y1-Fetal and BDB3Y1-Fetal as well 
as DDM3Y1-Reid and BDM3Y1-Reid po tentials in the optical 
model analyses in this work is known to imply that the cold 
nuclear matter has an underlying soft equation of state.

Conclusion
We have carried  out the folding analysis of the nuclear 

reaction invoving 12C +12C nuclei within the framework of 
the optical model, using a heavy-ion nucleus-nucleus optical 
potential derived from the B3Y-Fetal effective interaction - 
a new M3Y-type effective interaction based on variational 
calculations - in this paper. Accordingly, the differential cross 
sections associated with the elastic scat tering of the nuclear 
system have been determined at various incident energies 
with the four folded potentials, DDB3Y1-, BDB3Y1-, BDB3Y2- 
and BDB3Y3-Fetal. Herein, the results of folding analysis have 

reliably shown the DDB3Y1- and BDB3Y1-Fetal to be the best-
ϐit folded potentials, whereas the BDB3Y3-Fetal, fol lowed by 
the BDB3Y2-Fetal, has the poorest description of the 12C +12C 
data at all incident energies. This ϐinding puts the B3Y-Fetal in 
excellent agreement with the previous work of [12] done with 
the M3Y-Reid whose DDM3Y1- and BDM3Y1- Reid optical 
potentials have also been found to be the best in this work; and 
it is known to indicate that the cold nuclear matter is possibly 
governed by a soft EOS [12,18]. This agreement clearly 
endorses the B3Y-Fetal-based heavy ion optical potential as 
an authentic tool for the study of nuclear reactions.

The results obtained in this work have additionally 
revealed our version of heavy-ion optical potential, based on 
the B3Y-Fetal, to demonstrate weak absorp tion in all cases 
considered, portraying the optical potential to be transparent 
and making it possible to determine and follow its performance 
down to very small inter-nuclear distances. This feature is the 
foundation for testing the B3Y-Fetal and and comparing it 
with M3Y-Reid effective interaction in this study.

It is hoped that this study will ϐind useful applications 
in elastic scattering ex periments carried out with beams 
of12C ions in radioactive beam facilities by pre dicting the 
best choice of optical potentials to use for the description of 
nuclear re actions meant to investigate ion-ion interaction. 
Examples of such facilities are the DC-60 cyclotron at the 
Institute of Nuclear Physics (INP), National Nuclear Cen tre 
(NNC) in Astana, Kazakstan [29,31] and the cyclotron at the 
Hahn-Meitner Institute (HMI) in Berlin, Germany [24]. Others 
are the Cooling Storage Ring (CSR) facility HIRFL in China, 
the Radioactive Ion Beam (RIB) Factory at RIKEN in Japan, 
the FAIR/GSI in Germany, SPIRAL2/GANIL in France and the 
facility for Rare Isotope Beams (FRIB) in USA. The ϐindings of 
this study might also be of good use in Nuclear Astrophysics 
where nuclear EOS is a major ingredient in cal culations; 
certain nuclear reactions are the main probe of exotic nuclear 
species; and accurate knowledge of nuclear reaction rates 
needed for understanding pri mordial nucleosynthesis and 
hydrostatic burning in stars requires a combination of new 
experimental techniques and theoretical efforts.
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