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Abstract

This paper is a study of the nuclear Equation of State (EOS) of cold nuclear matter with the 
B3Y-Fetal eff ective interaction in its CDM3Y density-dependent version within the framework 
of Hartree-Fock approximation. The well-known saturation properties of both symmetric and 
asymmetric nuclear matter are well-reproduced in this work. Using the CDM3Y-K approach, this 
study has evolved a new set of user interactions, some of which are CDB3Y1-, CDB3Y2-, CDB3Y3-, 
CDB3Y4-, CDB3Y5-, CDB3Y6-Fetal interactions with corresponding incompressibilities K0 = 188, 
204, 217,228, 241 and 252 MeV respectively, in excellent agreement with those of the M3Y-Paris 
and M3Y-Reid eff ective interactions. For asymmetric nuclear matter, the new set of interactions 
has produced the symmetry energy Esym = 32.00 MeV with an associated slope parameter 
L = 55 MeV at a saturation density ρ = 0.17fm−3 and asymmetry parameter δ = 1.00 (pure neutron 
matter) in good agreement with the standard values obtained from coupled channel analysis of 
charge exchange reactions, statistical multifragmentation model and terrestrial Nuclear Physics 
experimental analyses. Furthermore, the new set of interactions has been found to have bright 
prospects in a nuclear reaction as the real folded potential computed with the CDB3Y6-Fetal 
interaction within the framework of double folding potential has been found to be good and similar 
to that of CDB3Y6-Paris whose optical potential has a repulsive direct component.

Introduction
In contemporary Nuclear Physics, effective interactions have gained wide acceptance as formidable tools for nuclear matter, 

nuclear structure, and nuclear reaction studies. Of all effective interactions, M3Y interaction, originally derived by ϐitting Yukawa 
functions to Brueckner’s G-matrix [1,2], has lately become a popular choice for the study of the properties of ϐinite nuclei and 
nuclear matter with excellent results. However, to be able to reproduce the saturation of nuclear matter [3] and describe the 
behavior of ϐinite nuclei [4], the original M3Y interaction had to be modiϐied by introducing a density dependence into it. This 
modiϐication has followed two approaches, one leading to a set of density-dependent interactions called M3Y-Pn interactions 
[4,5] and the other has given birth to a set of interactions called, DDM3Yn, BDM3Yn and CDM3Yn interactions [6,7]. With the 
inclusion of appropriate density dependence, the parameters of these interactions have been adjusted to the data on nuclear 
structure; some of them have been applied to nuclear reactions [6] alongside nuclear matter and neutron stars [8,9].

The second set of density-dependent interactions (DDM3Yn, BDM3Yn, CDM3Yn) has the density dependence included 
directly in the ϐinite-range Yukawa terms with the parameters adjusted to reproduce the saturation properties of symmetric 
nuclear matter [6,7]. This second class of density-dependent M3Y interactions has continued to be applied, with great success 
to numerous nuclear reactions including folding analyses of nucleon-nucleus, nucleus-nucleus, and charge-exchange reactions 
[3,6,10]. Thus, it appears that the focus of the M3Y-Pn interactions has been nuclear matter and nuclear structure calculations 
whereas the focus of the other density-dependent interactions has been nuclear matter and nuclear reactions.

The DDM3Yn, BDM3Yn, and CDM3Yn interactions are based on the original M3Y interaction obtained from the G-matrix 
elements of the Paris [11] as well as Reid NN potential [1]. These density-dependent interactions have undergone several 
stages of development and improvement over the years. The DDM3Yn interactions were ϐirst to be used [12] followed by 
the BDM3Yn interactions; and the CDM3Yn interactions came into use as the latest, hybrid versions of the ϐirst two versions. 

https://crossmark.crossref.org/dialog/?doi=10.29328/journal.ijpra.1001057&domain=pdf&date_stamp=2023-05-24
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The parameters of the DDM3Yn were readjusted by Khoa and Oertzen [12] to get a reasonable limit for negative energies, 
leading to the reproduction of the empirical values of the saturation binding energy (E/A ≃16 MeV) and density (ρ0 = 0.17fm−3) 
respectively. The density-dependent M3Y interaction arising from the readjustment was dubbed DDM3Y1; and it gave the 
incompressibilities K = 170 MeV and 176 MeV with the M3Y-Reid and M3Y-Paris interactions [6,12] respectively. Since the 
exponential nature of the density dependence made a further readjustment of the parameters for a higher value of K impossible, 
they used the BDM3Yn interaction to obtain a harder EOS. With different values of β, they ϐitted the other parameters to the 
saturation condition as for the DDM3Y1, obtaining the BDM3Y0, BDM3Y1, BDM3Y2, and BDM3Y3 density-dependent versions, 
which produced the incompressibilities K0 = 190, 232, 353 and 475 MeV, and K0 = 218, 270, 418 and 566 MeV with the M3Y-Reid 
and M3Y-Paris interactions [12] respectively. These interactions were subsequently used for folding calculations of HI optical 
potential [6] with insightful results.

Following the approach of Khoa and collaborators [3], the B3Y-Fetal [13] effective interaction has been severally applied 
to nuclear matter calculations [14-16] within HF approximation and nuclear reactions [17-20] within the framework of the 
double folding model in the DDM3Yn and BDM3Yn density-dependent versions with excellent results. In Ref. [14], the B3Y-Fetal 
effective interaction was used in its DDM3Y1, BDM3Y0, BDM3Y1, BDM3Y2, and BDM3Y3 versions for calculations involving 
symmetric nuclear matter (NM), obtaining the incompressibilities K0 = 176, 196, 235, 351 and 467 MeV respectively. Evidently, 
these values are in excellent agreement with those of the M3Y-Reid and M3Y-Paris effective interactions.

In order to develop a realistic version of the M3Y effective interaction for consistent use in the mean-ϐield studies of NM, 
ϐinite nuclei, and nuclear reaction, Khoa, et al. [7] performed a systematic HF study of NM using the M3Y-Paris-based CDM3Yn 
interactions, which have been used in the folding model studies of nuclear scattering [7,10]. On the basis of their work, the M3Y-
Paris interaction is known to have produced the incompressibilities K0 = 188, 204, 217, 228, 241, and 252 MeV corresponding to 
CDM3Y1, CDM3Y2, CDM3Y3, CDM3Y4, CDM3Y5, and CDM3Y6 respectively [7]. The CDM3Y3, CDM3Y4, CDM3Y5, and CDM3Y6 
versions of M3Y-Paris have been variously used for nuclear matter [21], nuclear reaction [7], and astrophysical studies [22]. 
Similarly, using the CDM3Y-K approach [23], the incompressibilities K0 = 188, 204, 217, 228, 241, and 252 MeV, corresponding 
to CDM3Y2, CDM3Y3, CDM3Y4, CDM3Y5, and CDM3Y6, were obtained with the M3Y-Reid in its CDM3Y density-dependent 
version. In the CDM3Y-K approach, the effective interactions (M3Y-Reid and M3Y-Paris) have incompressibility as a common 
parameter while the other density-dependent parameters are completely different for each effective interaction. This way, the 
performances of M3Y-Reid and M3Y-Paris effective interactions in this latest hybrid density-dependent version are well-known, 
whereas the performance of the B3Y-Fetal effective interaction is largely undetermined and unknown. This is the ultimate 
motivation for this work.

Essentially, this paper is focused on studying the nuclear matter Equation of State (EOS) with the B3Y-Fetal effective in its 
CDM3Y density-dependent version. The determination of the Equation of State (EOS) of nuclear matter (NM), which has become 
the main object of numerous nuclear structure and reaction studies lately, is undertaken in this work as a non-relativistic HF 
study of asymmetric nuclear matter. Using the CDM3Y-K approach, efforts will be made in this study to obtain the versions 
of the CDM3Y interaction with the B3Y-Fetal effective interaction which can be considered to be the equivalents of CDM3Y1, 
CDM3Y2, CDM3Y3, CDM3Y4, CDM3Y5 and CDM3Y6 versions of the M3Y-Paris effective interaction. This new parametrization 
of the density-dependent interaction based on the B3Y-Fetal effective interaction is a novel feature of this research effort. When 
this goal is achieved, the new set of interactions will be designated for the purpose of identiϐication as CDB3Y1-, CDB3Y2-, 
CDB3Y3-, CDB3Y4-, CDB3Y5- and CDB3Y6-Fetal interactions respectively. To be able to ascertain the accuracy of computational 
results, the new parametrizations will be compared with those of the M3Y-Reid and M3Y-Paris effective interactions. In 
addition, a further step will be taken to apply the new CDM3Y interactions to nuclear reactions to determine and characterize 
their performance using the M3Y-Reid and M3Y-Paris as standards. Since the use of the new set of interactions could help one 
trace the sensitivity of refractive scattering data to incompressibility (K - value) in ϐiner detail [7], they will hopefully be used 
for folding analyses of elastic α-particle scattering data on different targets in subsequent research papers. It is also intended 
in this work to use computational results to illustrate the hybrid nature of the CDM3Y interaction in clear terms. This is also a 
relatively new feature of this paper, which is not explicitly discussed in most nuclear matter studies.

The structure of this paper is as follows. In Section 2, simple formulae connecting the CDB3Y-Fetal, CDM3Y-Paris, and 
CDM3Y-Reid density-dependent parameters with nuclear matter saturation properties, in terms of NN interaction parts, are 
employed to generate different equations of state with proposed incompressibilities within the non-relativistic Hartree-Fock 
(HF) scheme. Section 3 is devoted chieϐly to the presentation and discussion of the results, and concluding remarks are made 
in Section 4.

B3Y-fetal in hartree-fock study of nuclear equation of state

The study of nuclear matter-energy, having a functional dependence on the baryonic density, also called the nuclear matter 
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equation of state (EOS) [24], is carried out in this work with CDM3Yn effective interactions whose derivation has resulted from 
microscopic calculations. The nuclear equation of state plays a signiϐicant role in the nuclear ground-state properties, stability 
of neutron-rich nuclei [25], excitation energies of giant monopole resonances (GMRs), and dynamics of heavy-ion collisions 
[19]. It also helps in understanding the structure as well as properties of neutron stars such as mass range, mass-radius 
relationship, crust thickness, cooling rate, and energy released in a supernova explosion [23,26,27]. The two key quantities that 
characterize the EOS of nuclear matter are the total energy of symmetric NM and symmetry energy [21,22], which correlate 
strongly with the nuclear incompressibility K and slope parameter of the symmetry energy L at high baryonic densities. The 
contribution of symmetry energy to the nuclear EOS impacts various phenomena in nuclear astrophysics [28-30], nuclear 
structure, and nuclear reactions so that its determination is a key objective of contemporary Nuclear Physics, paving the way 
for understanding the dense matter within neutron stars. But, the density dependence of nuclear symmetry energy has been 
one of the most uncertain properties of Asymmetric Nuclear Matter (ANM). Many predictions of this property using various 
many-body theories and interactions diverge quite broadly, especially, at high NM densities. Nonetheless, it is encouraging to 
note that signiϐicant progress has recently been made to constrain the symmetry energy Esym around saturation density, ρ0 [29] 
based on model analyses of experimental and/or observational data. Also, the M3Y-Pn interactions carefully parametrized by 
Nakada [8,9] for use in the HF studies of nuclear structure, the D1S and D1N versions of the Gogny interaction [31,32], the Sly4 
version of the Skyrme interaction [33] and the CDM3Yn versions of the M3Y-Paris effective interaction have been used in HF 
study of nuclear matter to understand the density dependence of symmetry energy. Even though these effective NN interactions 
have given about the same description of the saturation properties of the symmetric NM, the HF results for the asymmetric 
NM have shown them to be divided into two families associated with two different categories (soft and stiff) of the behavior of 
the NM symmetry energy at high nucleonic densities. These two families are known now to be representative of the manner 
in which the nuclear symmetry energy affects the model prediction of different neutron star properties such as the cooling 
process, gravitational mass, radius, and moment of inertia [21]. Therefore, an attempt is made here to understand and solve 
the EOS of (symmetric and asymmetric) NM by computing this important quantity alongside its slope parameter, L(ρ) using the 
B3Y-Fetal-based CDM3Y effective interactions in comparison with the M3Y-Reid and M3Y-Paris effective interactions. This is 
in anticipation of a future application of the B3Y-Fetal effective interaction to the study of neutron star matter and many other 
related phenomena in nuclear astrophysics.

In the present work, the nonrelativistic HF scheme is employed to study the EOS of NM at zero temperature, which is 
characterized by the neutron and proton numbers, N and Z, or neutron-proton asymmetry parameter, δ = (ρn − ρp)/ρ, where 
neutron and proton densities are ρn = (1+δ)ρ/2 and ρp = (1−δ)ρ/2, respectively.

The total ground-state energy E of the system at the absolute zero temperature in the Hartree-Fock (HF) approximation is 
given by the sum of the kinetic energy part and potential energy part [21,34-36]:

1 , | | , , | | ,                 
2 ' ' '

           
  

                  U U k k v v U U potD EXkin kink k
k k k k k k                (1)

where |kτσ⟩ are plane waves, vD and vEX are the direct and exchange components of a generalized two-body effective NN 
interaction such as the B3Y-Fetal as well as M3Y-Reid and M3Y-Paris interactions. The factor 1/2 in the total potential energy is 
meant to avoid double counting of the two-body mutual interactions. 

Here, the density dependent NN interaction is the original M3Y interaction supplemented [21] by a realistic density 
dependence in the form: 

               
D EX D EX D EX D(EX) D(EXX), ( ) ( ) ( )( ) ( ) ( )( )( )00 00 10 10 01 01 11 11                 v r G v r G v r G v r G v r                      (2)

 
Table 1: Yukawa Strengths of the Central Components of B3Y-Fetal [13] and M3Y-Reid [1, 3] and M3Y-Paris [3,11] Interactions.

Interaction i 1/μi 00
DY  00

EXY 01
DY 01

EXY

(fm) (MeV) (MeV) (MeV) (MeV)
B3Y-Fetal 1 0.25 10472.13 499.63 -6197.63 365.38

2 0.40 -2203.11 -1347.77 1277.38 576.99
3 1.414 0.0 -7.8474 0.0 2.6157

M3Y-Reid 1 0.25 7999.00 4631.375 -4885.5 -1517.875
2 0.40 -2134.25 -1787.125 1175.5 828.375
3 1.414 0.0 -7.8474 0.0 2.6157

M3Y-Paris 1 0.25 11061.625 -1524.25 313.625 -4118.0
2 0.40 -2537.5 -518.75 223.5 1054.75
3 1.414 0.0 -7.8474 0.0 2.6157
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This study is focussed on spin-saturated NM. Therefore, the σ-components of the plane waves are averaged out of the 
HF calculation (1), so only the isoscalar v00 and isovector v01 components of the central interaction (2) are necessary for the 
determination of the EOS of NM. Generally, the radial shapes of isoscalar and isovector components of the M3Y-Paris, M3Y-Reid, 
and B3Y-Fetal interactions are expressed in terms of three Yukawa functions as [1,37]:

  
     

   
 3 exp

00 01 00 011

rD EX D EX iv r Y r
ri i






 
                      

(3)

W here the Yukawa strengths ( )
00
D EXY and ( )

01
D EXY shown in Table 1 are represented in terms of singlet and triplet angular 

momenta channels [1,19,37].

For correct reproduction of the saturation properties of NM at the saturation density ρ0 = 0.17fm−3 in the present HF study, 
the B3Y-Fetal is used alongside the M3Y-Reid and M3Y-Paris interactions in the CDM3Yn (n = 1, 2, 3, 4, 5, 6) density dependence, 
whose isoscalar G00 and isovector G01 forms are explicitly expressed as [7]:

  ( ) ( ) (1 )0(1) 0(1)00 01G C g C e       
                     

(4)

This density dependence was originally parametrized by [7] to correctly reproduce the saturation properties of symmetric 
NM at the saturation density; and several versions of it have been used successfully in the HF studies of NM [38,39] and folding 
analysis of nucleus-nucleus scattering [40-43]. Using the CDM3Y-K approach [23], various versions of this density dependence 
are used to generate a number of equations of the state of symmetric NM with incompressibilities K0 ranging from 150 to 300 
MeV herein. The parameters C0, α, β and γ of the isoscalar density dependence G00(ρ) are adjusted to reproduce the saturation 
properties of nuclear matter at density ρ0 = 0.17fm−3 with a binding energy E/A = 16 MeV in this work. The form of isoscalar 
density dependence G00(ρ) is the same as that of isovector density dependence G01(ρ), but the scaling factor C1 is adjusted in 
relation to C0 to reproduce the empirical symmetry energy necessary for the construction of a realistic equation of state (EOS) 
for asymmetric nuclear matter (ANM) within the HF scheme.

Now, averaging out the spin-dependent terms of (1) from the HF calculations for ϐinite NM, the total NM energy per nucleon 
for ANM is [23]:

Table 2: Parameters of Density Dependence obtained with M3Y-Reid and M3Y-Paris interactions at Equilibrium Using the CDM3Y-K Approach. The results obtained in this 
work for M3Y-Paris and M3Y-Reid Interactions are in exact agreement with those of [23].

CDM3Y-K Co M3Y-Paris
α β  γ Co M3Y-Reid

α β Γ
CDM3Y-150 0.4478 2.2441 4.8600 0.1000 0.4492 2.0257 3.9870 0.0200
CDM3Y-160 0.4335 2.3036 4.5435 0.2000 0.4505 1.9751 3.6805 0.2200
CDM3Y-170 0.4111 2.4349 4.2032 0.3000 0.4517 1.9274 3.3599 0.4400
CDM3Y-180 0.3751 2.7123 3.8318 0.4000 0.4563 1.8599 3.0303 0.6900

CDM3Y1 0.3429 3.0232 3.5512 0.5000 0.4590 1.8129 2.7476 0.9100
(K=188 MeV) CDM3Y-190 0.3383 3.0616 3.4725 0.5600 0.4645 1.7728 2.6840 0.9700

CDM3Y-200 0.3305 3.1054 3.1835 0.8500 0.4803 1.6478 2.3155 1.2800
CDM3Y2 0.3346 3.0357 3.0685 1.0000 0.5617 1.2533 2.2915 1.3499

(K=204 MeV) CDM3Y-210 0.3114 3.3020 2.8650 1.1950 0.6897 0.8223 2.2555 1.4199
CDM3Y3 0.2985 3.4528 2.6388 1.5000 0.8549 0.4580 2.2363 1.4650

(K=217 MeV) CDM3Y-220 0.2963 3.4671 2.5460 1.6401 0.9247 0.3432 2.2170 1.4800
CDM3Y-225 0.2980 3.4151 2.3953 1.8799 1.0421 0.1847 2.1596 1.5000

CDM3Y4 0.3052 3.2998 2.3180 2.0000 1.1183 0.1000 2.1286 1.5070
(K=228 MeV) CDM3Y-230 0.2961 3.4171 2.2333 2.1501 1.1714 0.0476 2.1097 1.5100

CDM3Y-235 0.2848 3.5656 2.0529 2.5001 1.2960 -0.0588 2.3110 1.5200
CDM3Y-240 0.2455 3.6925 1.8686 2.9003 1.3909 -0.1284 2.4848 1.5400

CDM3Y5 0.2728 3.7367 1.8294 3.0000 1.4061 -0.1389 2.5282 1.5450
(K=241 MeV) CDM3Y-245 0.2708 3.7465 1.6798 3.3295 1.4777 -0.1848 2.5784 1.5600

CDM3Y-250 0.2688 3.7555 1.4795 3.7998 1.5246 -0.2151 2.8253 1.5900
CDM3Y6 0.2658 3.8033 1.4099 4.0000 1.5468 -0.2284 2.8827 1.6000

(K=252 MeV) CDM3Y-255 0.2637 3.8203 1.2565 4.4000 1.5955 -0.2548 2.8808 1.6100
CDM3Y-260 0.2617 3.8300 1.0034 5.0988 1.6598 -0.2884 2.9444 1.6300
CDM3Y-265 0.2580 3.8737 0.6850 6.0980 1.6786 -0.3014 3.1686 1.6600
CDM3Y-270 1.2995 -0.0374 0.6073 1.7000 1.6855 -0.3094 3.4209 1.6900
CDM3Y-280 1.5217 -0.1873 2.1054 1.7100 1.7152 -0.3317 3.8011 1.7400
CDM3Y-290 1.7114 -0.2859 2.2998 1.7200 1.7712 -0.3627 3.9982 1.7800
CDM3Y-300 1.8935 -0.3622 2.394515 1.7300      1.8037 -0.3843 4.2616 1.8200



Probing nuclear equation of state with the cdm3y version of B3y-fetal eff ective interaction

 www.physicsresjournal.com 102https://doi.org/10.29328/journal.ijpra.1001057

 

   
   

1 1

1 1

2 2 5/3 5/33 (1 ) (1 ) 12 EX 2 EX 2 3U ( )A 0 00 1 01 0 00 0 01 120 2 4
  

ˆ ˆ( , ) (1 ) (1 )0

ˆ ˆ( , ) (1 ) (1 )1

   

  

  

                  

   

   

kF D Dg C J C J C v B v B d r
m

where

B r j k r j k rFn Fp

B r j k r j k rFn Fp

ħ

                         

(5)

The ϐirst term in equation (5) is the kinetic energy, while D D 3( )00 00J v r d r   and D D 3
01 01 1̂( ) ( )J v r d r j x   is deϐined in terms of 

the ϐirst-order spherical Bessel function as 1̂( )j x = 3j1(x)/x. kFnr, kFpr and kF are the neutron, proton, and total Fermi momenta, 

respectively, expressed as    
1 1

2 23 3 3  and 3 / 2 .( ) ( )k r kFFn p n p   

 



 Taking the partial derivatives of the energy per nucleon, 

Equation (5), with respect to the nuclear density, the asymmetric NM pressure, P and the incompressibility modulus, K, are 
respectively obtained as:
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At the saturation density, ρ0, Seif, [23] has shown that the energy per nucleon, the incompressibility, and the saturation 
condition for the symmetric nuclear matter (SNM), respectively, are:

 0 ( )0 0 00 0 00 002
K D EXU E G J JA


  

                     
(8)

2
290 02

U AK


  


 

     00 00
2 02 90 0 0 0 00 002

K D EXU G G J J


  
 

      
  

     00
529 2 90 0 00 0 001 0 00 0 0023 0

EX EXG G J G J    


 
   

  
                  (9) 

and

       00
10 2 0 0 0 00 0 00 00 00 0 0012

K D EX EXU G G J J G J                             
(10)



Probing nuclear equation of state with the cdm3y version of B3y-fetal eff ective interaction

 www.physicsresjournal.com 103https://doi.org/10.29328/journal.ijpra.1001057

Here,
2 23 0
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kK FU
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00G and 00
mG in Equations (9) and (10) denote the ϐirst and second derivatives of the density dependence of the isoscalar part of 

NN interaction with respect to the nuclear density, ρ0. The integrals D EX EX
00 00 001J , J , J  and EX

002J  depend only on the effective interaction. 
Consequently, the saturation conditions may be further simpliϐied by substituting the explicit forms of the isoscalar density 
dependence, G00(ρ0) given by Equation (4), and their derivatives into their respective expressions in Equations (8) - (11). After 
careful mathematical procedure, the saturation conditions for symmetric NM, in Equations (8) - (12) become:
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Di (i = 1 - 4) are constants for the density-independent NN interactions, which are given in terms of the saturation density and 
energy per nucleon values. For the M3Y-Paris effective interaction, D1 = 0.8806, D2 = −269.81331MeV, D3 = 2.18253fm3 and D4 = 
−11.53214MeVfm−6. In the case of the M3Y-Reid effective interaction, D1 = 0.90969, D2 = −231.93602MeV, D3 = 1.85104fm3 and D4 

=−11.15650MeVfm−6. For the B3Y-Fetal effective interaction, D1 = 0.8717887186, D2 = −234.5976659MeV, D3 = 1.697011283fm3 

and D4 = −11.63754722MeVfm−6. These values correspond to UA0(ρ0 = 0.17fm−3) = -16MeV.

Choosing a value for any of the parameters of density dependence, namely β, the other parameters can be determined at 
a speciϐic saturation incompressibility value. Accordingly, the set of equations for determining the parameters of the density 
dependence for the CDM3Y interaction is obtained from Equation (12):
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To determine the scaling factor, C1 , for the isovector component of the NN interaction, the symmetry energy of the asymmetric 
nuclear matter has to be calculated using the expression for the EOS of the ANM shown in many theoretical studies [22,44] to 
be a power series of the form [23]:

2 4U ( , ) U ( , 0) ( )    A A S Od         
                   

(18)

With the contribution of 
.
4O  and higher-order terms are shown to be negligible [3,45,46] in the parabolic approximation; 

Equation (24) becomes

      2U , U , 0   A SA        
           (19)

leading to the deϐinition of symmetry energy as
2 ( ) ( , )  ( , 0) U S U Usym A A        

                  (20)

Where the symmetry energy Usym is the energy per nucleon required to change the symmetric nuclear matter U ( , 0)A     

to pure neutron matter (PNM) U ( , 1)A    and S(ρ) is the symmetry energy coefϐicient. From Equations (18) and (20), an 

expression for the symmetry energy coefϐicient can be written as
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This nuclear symmetry energy (NSE) computed at the nuclear matter saturation density, Usym = S(ρ0) with ρ0 = 0.17fm−3 is well-
known in the literature to be 30 ± 2 MeV [3,47], 31 ± 2 MeV, and 31.6 ± 2.7 MeV [30] from numerous many-body calculations 
and those from the empirical liquid-drop mass formula, analysis of experimental cross-section data in a charge exchange 
p(6He,6Li∗)reaction [34,48] and analyses of the terrestrial Nuclear Physics experiments and astrophysical observations [30,45]. 
To determine its empirical value, the scaling factor, C1, of the isovector component of the effective interaction is ϐirst determined 
in relation to the scaling factor, C0, of the isoscalar component when the proton-neutron asymmetry, δ = 1.0. In addition to the 
asymmetry parameter, δ = 1.0, δ = 0.25 is also used for the study of the density dependence of NSE in this paper.

Furthermore, one of the important parameters characterizing nuclear symmetry energy around NM saturation density is the 

slope parameter 
( )
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  whose explicit mathematical representation is [23]:
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(22)

This slope parameter is believed to be directly related to the neutron-skin thickness [21,49] of heavy nuclei and the isospin 
observables in heavy-ion reactions, could give information on neutron stars’ radii [50]; and it is known to have the numerical 
value L = 58±16 MeV [30,45] and L = 57.7±19 MeV [21,30] based on analyses of the terrestrial Nuclear Physics experiments and 
astrophysical observations.

Results and discussion
The focus of this work has been the study of the EOS of NM (symmetric and asymmetric) with the B3Y-Fetal effective 

interaction in the CDM3Y density-dependent version along with the M3Y-Reid and M3Y-Paris effective interactions. Herein, 
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the two key quantities characterizing the EOS of NM, explored alongside others, are the energy of symmetric NM and nuclear 
symmetry energy. This is done using the CDM3Y-K approach [23] in which the value of β of the isoscalar density dependence 
was chosen with a proposed incompressibility K and the other parameters C0, α, and γ in (18) were determined at the saturation 
density ρ0 = 0.17fm−3. Used in the CDM3Y density dependence, the resulting B3Y-Fetal-based density-dependent effective 
interactions are called the CDB3Y-K interactions, generating different equations of state of NM with incompressibilities of 
symmetric NM ranging from 150 to 300 MeV. Since the performances of M3Y-Reid and M3Y-Paris effective interactions in 
the CDM3Y density dependence are well-known [7,23], the present HF computation was ϐirst carried out with these effective 
interactions with results that were exact in comparison with those of [23]; and B3Y-Fetal interaction was substituted for them 
in the same computational procedure with excellent results. The results obtained for symmetric nuclear matter with the three 
effective interactions are displayed in Tables 2-4. For M3Y-Paris, Tables 2 and 3 shows that the incompressibilities K = 188, 204, 
217, 228, 241, and 252 MeV correspond to CDM3Y1-, CDM3Y2-, CDM3Y3-, CDM3Y4-, CDM3Y5- and CDM3Y6-Paris, respectively, 
in CDM3Yn approach. In the same vein, these versions could be regarded as CDM3Y-K1, CDM3Y-K2, CDM3Y-K3, CDM3Y-K4, 
CDM3Y-K5, and CDM3Y-K6, respectively, in the CDM3Y-Kn approach; so that the CDM3Yn = CDM3Y-Kn. Applying this reasoning 
to M3Y-Reid and B3Y- Fetal effective interactions, CDM3Y1-, CDM3Y2-, CDM3Y3-, CDM3Y4-, CDM3Y5- and CDM3Y6-Reid as 
well as CDB3Y1-, CDB3Y2-, CDB3Y3-, CDB3Y4-, CDB3Y5- and CDB3Y6-Fetal correspond to CDM3Y-K1, CDM3Y-K2, CDM3Y-K3, 
CDM3Y-K4, CDM3Y-K5, and CDM3Y-K6, respectively, producing the incompressibilities K = 188, 204, 217, 228, 241 and 252 MeV. 
Here, K1=188 MeV, K2=204 MeV, K3=217 MeV, K4=228 MeV, K5=241 MeV, and K6=252 MeV are the same for M3Y-Paris, M3Y-
Reid, and B3Y-Fetal effective interactions, but each of them has a completely different set of parameters of density dependence 
corresponding to each incompressibility as shown in Table 4. With incompressibility as a common parameter, C0, α, β, and γ have 
different values for each of the effective interactions. Therefore, for the B3Y-Fetal, using the same set of parameters, CDB3Y1- 
= CDB3Y-K1, CDB3Y2- = CDB3Y-K2, CDB3Y3- = CDB3Y-K3, CDB3Y4- = CDB3Y-K4, CDB3Y5- = CDB3Y-K5 and CDB3Y6-Fetal = 
CDB3Y-K6 in this work. In this regard, it is considered appropriate to adopt the CDM3Yn approach to classify the members of 
this new set of CDM3Y-based interactions for the sake of identiϐication as shown in Figure 1. This criterion for classiϐication 
applies also to the M3Y-Reid effective interaction in the present work.

Figure 1 shows the new CDM3Y-K parametrizations of the B3Y-Fetal effective interactions labeled as CDB3Y1-, 
CDB3Y2-, CDB3Y3-, CDB3Y4-, CDB3Y5- and CDB3Y6-Fetal interactions, corresponding to the incompressibilities
K = 188, 204, 217, 228, 241 and 252 MeV respectively. These parameterizations represent the curves of EOS of cold

Table 3: Parameters of Density Dependence obtained with B3Y-Fetal and M3Y-Paris interactions at Equilibrium Using the CDM3Y-K Approach. The results obtained in this 
work for M3Y-ParisInteraction are in exact agreement with those of [23].

CDM3Y-K Co B3Y-Fetal α Β  γ Co M3Y-Paris α β γ
CDM3Y-150 0.4787 1.7081 4.2958 0.0100 0.4478 2.2441 4.8600 0.1000
CDM3Y-160 0.4895 1.6109 4.0086 0.2000 0.4335 2.3036 4.5435 0.2000
CDM3Y-170 0.5029 1.5063 3.7108 0.4000 0.4111 2.4349 4.2032 0.3000
CDM3Y-180 0.5054 1.4594 3.3539 0.5900 0.3751 2.7123 3.8318 0.4000

CDM3Y1 0.5086 1.4177 3.0554 0.7600 0.3429 3.0232 3.5512 0.5000
(K=188 MeV) CDM3Y-190 0.5158 1.3775 2.9958 0.8100 0.3383 3.0616 3.4725 0.5600

CDM3Y-200 0.5468 1.2137 2.6515 1.0530 0.3305 3.1054 3.1835 0.8500
CDM3Y2 0.5641 1.1349 2.5081 1.1500 0.3346 3.0357 3.0685 1.0000

(K=204 MeV) CDM3Y-210 0.6183 0.9333 2.3338 1.2800 0.3114 3.3020 2.8650 1.1950
CDM3Y3 0.7685 0.5423 2.3200 1.3600 0.2985 3.4528 2.6388 1.5000

(K=217 MeV) CDM3Y-220 0.8280 0.4263 2.2902 1.3880 0.2963 3.4671 2.5460 1.6401
CDM3Y-225 0.9408 0.2478 2.2839 1.4200 0.2980 3.4151 2.3953 1.8799

CDM3Y4 1.0079 0.1605 2.2708 1.4360 0.3052 3.2998 2.3180 2.0000
(K=228 MeV) CDM3Y-230 1.0437 0.1179 2.21510 1.4500 0.2961 3.4171 2.2333 2.1501

CDM3Y-235 1.1716 -0.0102 2.0230 1.4630 0.2848 3.5656 2.0529 2.5001
CDM3Y-240 1.3073 -0.1183 2.0651 1.4700 0.2455 3.6925 1.8686 2.9003

CDM3Y5 1.3141 -0.1239 2.2194 1.4800 0.2728 3.7367 1.8294 3.0000
(K=241 MeV) CDM3Y-245 1.3813 -0.1708 2.3838 1.5000 0.2708 3.7465 1.6798 3.3295

CDM3Y-250 1.4702 -0.2258 2.4610 1.5200 0.2688 3.7555 1.4795 3.7998
CDM3Y6 1.4978 -0.2421 2.5149 1.5300 0.2658 3.8033 1.4099 4.0000

(K=252 MeV) CDM3Y-255 1.5518 -0.2713 2.5305 1.5400 0.2637 3.8203 1.2565 4.4000
CDM3Y-260 1.6262 -0.3091 2.5989 1.5600 0.2617 3.8300 1.0034 5.0988
CDM3Y-265 1.6939 -0.3411 2.6676 1.5800 0.2580 3.8737 0.6850 6.0980
CDM3Y-270 1.7553 -0.3684 2.7370 1.6000 1.2995 -0.0374 0.6073 1.7000
CDM3Y-280 1.8986 -0.4239 2.7914 1.6300 1.5217 -0.1873 2.1054 1.7100
CDM3Y-290 2.0246 -0.4671 2.8614 1.6600 1.7114 -0.2859 2.2998 1.7200
CDM3Y-300 2.1349 -0.5018 2.941016 1.6900 1.8935 -0.3622 2.3945 1.7300
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symmetric nuclear matter obtained with the new set of interactions. The saturation of nuclear matter is shown
to have been reproduced correctly at density, ρ0 = 0.17fm−3, and binding energy per nucleon UA0 = -16 MeV.
Evidently, all the curves have the same shape and value at the saturation point, demonstrating good agreement with the work 
presented in [12]. However, as nuclear density increases, the differences in the performances of the interactions are clearly 
delineated, with the CDB3Y1-Fetal as the weakest and the CDB3Y6-Fetal as the strongest. The CDB3Y5-Fetal (K = 241 MeV) 
and CDB3Y6-Fetal (K = 252 MeV) interactions, being stronger than the BDB3Y1-Fetal (K = 236 MeV), are the most viable 
and useful extensions of the application of the B3Y-Fetal effective interaction in nuclear matter and nuclear reaction studies. 
These versions of the CDM3Y density-dependent interaction obtained from the M3Y-Paris effective interaction (CDM3Y5-Paris 
and CDM3Y6-Paris) alongside the BDM3Y1-Paris interaction have been found to be the most realistic interactions currently 
available for folding calculations of α-nucleus and nucleus-nucleus potentials [7]. It is hoped that these versions of CDM3Y 
interaction derived from the B3Y-Fetal effective interaction in this work will have a parallel performance in nuclear reactions.
To study the EOS of asymmetric NM, the density dependence of the isovector part of each effective interaction has been used 
in conjunction with the isoscalar component with a different strength, C1 = ηC0. The scaling factor, η, was determined through 
the density dependence of the symmetry energy ( ) 02

Usym S 


 in (21). With η = 0.62 [3], 0.71 [23], calculations were carried out 

with B3Y-Fetal and M3Y-Reid effective interactions to reproduce the empirical symmetry energies Usym = 30.66, 31.99 MeV and 

Usym = 30.61, 32.04 MeV with accompanying slope parameters L = 54, 55 MeV and L = 51, 52 MeV respectively at the neutron-

Table 4: The Equivalents of CDM3Yn-Paris Interactions Computed with CDM3Y-K-Based M3Y-Reid and B3Y- Fetal Eff ective Interactions at Equilibrium.  The results obtained 
in this work for M3Y-Paris and M3Y-Reid Interactions are in exact agreement with those of [23].

Density Dependent Version C0 α Β γ K[MeV]
CDM3Y1-Paris 0.3429 3.0232 3.5512 0.5000 188

CDM3Y-K1 (Reid) 0.4590 1.8129 2.7476 0.9100 188
CDB3Y-K1 (Fetal) 0.5086 1.4177 3.0554 0.7600 188

CDM3Y2-Paris 0.3346 3.0357 3.0685 1.0000 204
CDM3Y-K2(Reid) 0.5617 1.2533 2.2915 1.3499 204
CDB3Y-K2(Fetal) 0.5641 1.1349 2.5081 1.1500 204
CDM3Y3-Paris 0.2985 3.4528 2.6388 1.5000 217

CDM3Y-K3(Reid) 0.8549 0.4580 2.2363 1.4650 217
CDB3Y-K3(Fetal) 0.7685 0.5423 2.3200 1.3600 217
CDM3Y4-Paris 0.3052 3.2998 2.3180 2.0000 228

CDM3Y-K4(Reid) 1.1183 0.1000 2.1286 1.5070 228
CDB3Y-K4(Fetal) 1.0079 0.1605 2.2708 1.4360 228
CDM3Y5-Paris 0.2728 3.7367 1.8294 3.0000 241

CDM3Y-K5(Reid) 1.4061 -0.1389 2.5282 1.5450 241
CDB3Y-K5(Fetal) 1.3141 -0.1239 2.2194 1.4800 241
CDM3Y6-Paris 0.2658 3.8033 1.4099 4.0000 252

CDM3Y-K6(Reid) 1.5468 -0.2284 2.8827 1.6000 252
CDB3Y-K6(Fetal) 1.4978 -0.2421 2.5149 1.5300 252

Figure 1: Nuclear Matter Equations of State Obtained with CDB3Y1-, CDB3Y2-, CDB3Y3-, CDB3Y4-, CDB3Y5- and CDB3Y6-Fetal 
Interactions.
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proton asymmetry δ = 1.0. Similarly, with η = 1.0 [3] and 1.1 [23], obtained from the coupled-channel analysis of the charge-
exchange reaction p(6He, 6Li∗)n [51], the M3Y-Paris interaction produced the symmetry energy Usym = 30.80, 31.99 MeV with 
an accompanying slope parameter L = 48 and 49 MeV at the asymmetry δ = 1.0. Using the same values of η, B3Y-Fetal, and 
M3Y-Reid interactions produced Usym = 29.82, 31.10 MeV and Usym = 29.86, 31.24 MeV with accompanying slope parameters 
L = 53, 54 MeV and L= 50, 51 MeV respectively, whereas the M3Y-Paris effective interaction produced Usym = 29.85 and 31.00 MeV 
with L = 47 and 48 MeV, respectively, at δ = 0.25. These values of symmetry energy have been found to be in good agreement 
with the empirical standards (30 ± 2 MeV, 31 ± 2 MeV, and 31.6 ± 2.7) established from studies on isospin diffusion [48], GMRs 
[23], isotopic distribution [52,53], neutron-proton emission ratio [54], relativistic Dirac-Brueckner [27] and variational [49,55] 
calculations. Obviously, the results obtained with the B3Y-Fetal effective interaction are in good agreement with those of the 
other effective interactions. Thus, it can be inferred from these results that the range of values of C1 suitable for the reproduction 
of acceptable symmetry energy for a realistic EOS of ANM, obtained with the CDM3Y-based B3Y-Fetal and M3Y-Reid effective 
interactions in the present study is C1 = 0.62C0 − 0.71C0, whereas the range for M3Y-Paris is C1 = C0 − 1.1C0. These results also 
show the strength parameter, C1 of the isovector density dependence of the M3Y-Paris required for a realistic ANM EOS is 
slightly larger than the value of C1 for the B3Y-Fetal and M3Y-Reid due to their stronger isovector components. The curves 
of symmetry energy arising from the HF study of the EOS of ANM are shown in Figures 2 and 3 and their salient features are 
discussed shortly.

The organization of the equations of state obtained with the CDM3Y interactions in relation to those of the DDM3Y and 
BDM3Y interactions is well portrayed in Figure 2. For the M3Y-Paris interaction, all the six equations of the state represented 

CDM3Y5-PARIS
CDM3Y6-PARIS
BDM3Y1-PARIS

Figure 2: Curves of Symmetry Energy Obtained with CDM3Y1-, CDM3Y2-, CDM3Y3-, CDM3Y4-, CDM3Y5- and CDM3Y6- Versions of B3Y-
Fetal (Upper), M3Y-Reid (Middle) and M3Y-Paris (Lower) Eff ective Interactions at the Asymmetry Parameter, δ = 1.0.
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by the set of CDM3Yn (n = 1, 6) interactions, constructed originally by Khoa, et al. [7] come entirely between the DDM3Y1 
(K = 176) and BDM3Y1 (K = 270 MeV) interactions. Since nuclear reaction studies [6,19] have conϐirmed cold NM to be governed 
by soft EOS with K = 220 ± 40 [6], these CDM3Yn interactions have recently been widely used in studies involving NM [22,45] and 
nuclear reactions [6,41]. For B3Y-Fetal and M3Y-Reid interactions, four of the CDM3Y-based equations of state corresponding to 
K = 188, 204, 217, and 228 MeV lie between those of DDB3Y1-Fetal (K = 176 MeV), DDM3Y1-Reid (K = 170 MeV) and BDB3Y1-
Fetal (K = 235MeV), BDM3Y1-Reid (K = 232 MeV). The remaining two equations of state with incompressibilities K = 241 and 
252 MeV are outside of the ranges K = 176 - 235 MeV [14] and K = 170 - 232 MeV [6] associated with B3Y-Fetal and M3Y-Reid 
interactions respectively. Clearly, these equations of state, represented by CDB3Y5- Fetal, CDB3Y6-Fetal and CDM3Y5-Reid, 
CDM3Y6-Reid, are useful extensions of the application of the B3Y-Fetal and M3Y-Reid interactions to the description of cold NM 
within the speciϐied incompressibility range K = 220 ± 40 [6]; and the two of them represent very strong equations of state when 
compared with the other four. In many HF studies of NM, the CDM3Y6 interaction based on the M3Y-Paris effective interaction 
has been preferably and variously used by [7,10,40], whereas CDM3Y3, CDM3Y4, and CDM3Y5 have lately been used in nuclear 
matter studies [21,22,38-40,46] along with the former. Evidently, the CDM3Y6 interaction, which is the strongest of all these 
interactions, dominates recent nuclear matter studies, proving to be the most relevant. Of all of these interactions, the CDM3Y1 
interaction, which represents a very soft nuclear EOS is not used at all in the studies of nuclear matter; and the CDM3Y2 is 
not also in use for the same reason. Accordingly, the CDB3Y3-, CDB3Y4-, CDB3Y5- and CDB3Y6-Fetal interactions derived in 
this work are considered to be very useful in nuclear matter and related studies, with the CDB3Y6-Fetal as the strongest and 

Figure 3: Curves of Symmetry Energy Obtained with CDM3Y-200, CDM3Y-230, CDM3Y-252, CDM3Y-270 and CDM3Y-300 Versions of 
B3Y-Fetal (Upper), M3Y-Reid (Middle) and M3Y-Paris (Lower) Eff ective Interactions at the Asymmetry Parameters, δ = 1.0 and δ = 0.25.
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most relevant. Particularly, CDB3Y5- and CDB3Y6-Fetal interactions are stronger than BDB3Y1-Fetal interaction. Since nuclear 
matter alone is not a sufϐicient test of the viability of an effective interaction, applying these new interactions to nuclear reaction 
in this work is imperative. This is shortly discussed. 

Furthermore, Figure 2 also illustrates the true nature of the CDM3Y density dependence as a hybrid version of the DDM3Y 
and BDM3Y density dependences.

The curves of symmetry energy obtained with the B3Y-Fetal (upper), displayed in this ϐigure, are shown to demonstrate 
good agreement with those of the M3Y-Reid (middle) and M3Y-Paris (lower). As explained by [3,56], the density dependence of 
Usym curves based on BDM3Y-type effective interactions (BDM3Y0, BDM3Y1) is such that they reach a maximum at much higher 
densities and decrease smoothly as density increases, whereas those based on the DDM3Y effective interaction (DDM3Y1) 
appear to increase in a monotonous manner with increasing density. Accordingly, the curves of Usym obtained from CDM3Y 
density dependence in Figure 2 are shown to have a density dependence similar to that of DDM3Y1-based curve at lower 
incompressibilities, but at higher incompressibilities, they have a density dependence that is similar to the Usym curve based 
on the BDM3Y1 effective interaction. Evidently, the curvature of the CDM3Y-based curves of symmetry energy becomes more 
sharply deϐined (soft density dependence of Usym) with increasing incompressibility, portraying the behavior of BDM3Y Usym 
curves. On the other hand, the curves ϐlatten out (stiff density dependence of Usym) [48,52,57] with decreasing incompressibility, 
depicting the behavior of DDM3Y Usym curves. This authenticates the hybrid nature of the CDM3Y density dependence.

In Figure 3, the curves of symmetry energy obtained with the CDM3Y-200, CDM3Y-230, CDM3Y-252, CDM3Y-270, and 
CDM3Y-300 versions of B3Y-Fetal (up-per), M3Y-Reid (middle) and M3Y-Paris (lower) effective interactions at the asymmetry 
parameters δ = 0.25 and 1.00, are displayed. The density dependence of the symmetry energy is well illustrated up to very 
high NM densities in this Figure. The density dependence at low NM density is known to have the mathematical representation 

0

( ) ( )symS U 


  [23], where μ characterizes the stiffness of the symmetry energy. Using this expression at low NM densities 

ρ ≤ 1.5ρ0, the various CDM3Y-K versions of the B3Y-Fetal have produced a stiffness value of about 0.63, while those of the M3Y-

Figure 4: Direct (upper part) and Exchange (Middle) Contributions to the Total Folded CDB3Y6-FETAL Potential (Lower Part) for the 16O + 16O
System at Incident Energies from 9 to 28 MeV/Nucleon.
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Reid and M3Y-Paris interactions have produced 0.60 and 0.58 respectively. Compared with previous work, these values of 
stiffness, computed in this work, are in good agreement with 0.62 and 0.55 respectively obtained with the CDM3Y-K versions 
of M3Y-Reid and M3Y-Paris interactions [23] as well as the range μ = 0.55 − 0.79 obtained from other independent studies 
[27,49,52]. Figure 3 also shows a strong correlation between the symmetry energy and nuclear incompressibility value 
(K-value) at high nuclear density. The symmetry energy of dense NM for which ρ ≤ 2.0ρ0 predicted by the various CDM3Y-K 
parametrizations of the three effective interactions is observed to grow increasingly softer with increasing incompressibility 
value, with the CDM3Y-200 Usym curve having a stiff appearance while the CDM3Y-300 curve has a very soft form. In accordance 
with the results of [23], the CDM3Y-K Usym curves reach their maximum values in the nuclear density range from 2ρ0 to 4.1ρ0 
and then decrease smoothly with increasing nuclear density to negative values at different points. In comparison, the curve 
produced by the Gogny force (DIS) is much softer at high nuclear matter density than the curves produced by the CDM3Y-K 
curves, attaining its maximum value at about 1.2ρ0 and decreasing to negative values at 3.2ρ0.

In a bid to determine the possibility of successful application of the new CDM3Y- interactions, derived from the B3Y-Fetal 
and M3Y-Reid interactions, to nuclear reaction, the CDB3Y6-Fetal has been used along with those of the M3Y-Reid and M3Y-
Paris effective interactions within the framework of the optical model to construct a nucleus-nucleus optical potential involving 
16O + 16O nuclear system at the incident energies of 150, 250, 350 and 450 MeV. A careful comparison of the real folded potentials 
obtained from the three effective interactions has shown the CDB3Y6-Fetal (Figure 4) and CDM3Y6-Paris (Figure 5) folded 
potentials to be similar in the sense that both of them have repulsive direct components, while the CDM3Y6-Reid (Figure 6) 
potential has an attractive direct component as shown in [19,20]. It is also noteworthy to see that the potentials (UD, UEX, and 
UT) based on the B3Y-Fetal are in good agreement with the potentials derived from the M3Y-Reid and M3Y-Paris effective 
interactions in terms of magnitude, shape, and trend. In terms of magnitude, results of folding calculations have shown the 
largest values of CDB3Y6-Fetal potential at smaller inter-nuclear distances to be -340.7, -320.9, -301.9, and -283.7 MeV at the 
incident energies of 150, 250, 350 and 450 MeV respectively; the largest values of CDM3Y6-Reid potential are -338.9, -320.2, 
-302.4 and -285.5 MeV; and the CDM3Y6-Paris has -359.6, -342.9, -327.0 and -311.7 MeV respectively at the same incident 

Figure 5: Direct (upper part) and Exchange (Middle) Contributions to the Total Folded CDM3Y6-PARIS Potential (Lower Part) for the 16O + 16O
System at Incident Energies from 9 to 28 MeV/Nucleon.
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energies. Here, the CDM3Y6-Paris has a greater performance strength than the CDB3Y6-Fetal and CDM3Y6-Reid potentials. 
The trend of performance strength exhibited by the last two potentials in which the CDB3Y6-Fetal is stronger at lower incident 
energies than CDM3Y6-Reid potential has been explained in [19,20] to be due to the dominating effect of the direct component 
on the exchange component of CDB3Y6-Fetal, making its total real folded potential more rapidly repulsive than the CDM3Y6-
Reid potential as the incident energy increases. On the whole, the agreement demonstrated by the CDB3Y6-Fetal with CDM3Y6-
Paris and CDM3Y6-Reid potentials gives hope that the new set of B3Y-Fetal-based CDM3Y interactions will do well in nuclear 
reactions and astrophysical studies.

Conclusion
This study has been focussed on probing the equation of the state of nuclear matter with the B3Y-Fetal in its CDM3Y density-

dependent version. Using the CDM3Y-K approach, a number of equations of the state represented by a range of incompressible- 
entities from K = 150 to 300 MeV have been derived in this work. Among these, the equivalents of CDM3Y1-, CDM3Y2-, CDM3Y3-, 
CDM3Y4-, CDM3Y5- and CDM3Y6-Paris interactions, corresponding to the incompressibilities K = 188, 204, 217, 228, 241, and 
252 MeV, derived herein with the B3Y-Fetal effective interaction are called CDB3Y1-, CDB3Y2-, CDB3Y3-, CDB3Y4-, CDB3Y5- 
and CDB3Y6-Fetal interactions respectively. Of all of these interactions, the CDB3Y5- and CDB3Y6-Fetal interactions, being 
stronger than the BDB3Y1-Fetal interaction, have been found to be the most viable and useful extensions of the application 
of the B3Y-Fetal interaction to the description of cold NM within the speciϐied incompressibility range K = 220 ± 40 [6]. This 
is a major ϐinding of this research. A further step taken to conϐirm the viability of this new set of B3Y-Fetal-based CDM3Yn 
interactions by applying the strongest of them, the CDB3Y6-Fetal, to a nuclear reaction within the framework of the optical 
model has been interestingly successful. Accordingly, the optical potentials derived from the B3Y-Fetal at the incident energies 
of 150, 250, 350, and 450 MeV have been found to be similar to those based on the M3Y-Paris effective interaction in magnitude, 
shape, and trend. This is the second major ϐinding of this research, which is a purveyor of hope that the new interactions 
are reliable computational tools in nuclear reactions. In all cases of comparison, the predictions of nuclear EOS obtained with 

Figure 6: Direct (upper part) and Exchange (Middle) Contributions to the Total Folded CDM3Y6-REID Potential (Lower Part) for the 16O + 16O 
System at Incident Energies from 9 to 28 MeV/Nucleon.
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the B3Y-Fetal here are in excellent agreement with those of the M3Y-Reid and M3Y-Paris effective interactions. This implies 
that the new set of B3Y-Fetal-based CDM3Yn interactions can be applied to all nuclear physics and astrophysical phenomena 
with immense success. Subsequently, these new interactions, most especially the CDB3Y5- and CDB3Y6-Fetal interactions will 
be used for detailed optical model analyses of elastic α-scattering data on targets ranging from 12C to 208Pb nuclei like their 
CDM3Y-Paris counterparts [7].
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