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In the search for a solution to the Riemann Hypothesis, we have studied an approach that
connects the Riemann Problem with physical modeling that refers to statistical mechanics.

Thus, we study the relation between a truncation of the Riemann ¢ function in the variable z =
1-1/s, where s is the usual complex variable (s=Re(s)+i-Im(s) = p + i-t) and the partition function
of a ferromagnetic spin 1/2 model on a circle C with long-range interaction, to give a concrete look

at a strategy for a possible proof of the Riemann Hypothesis.

Introduction

In mathematics, the Riemann hypothesis is a conjecture
defined by Bernhard Riemann (1826-1866) in 1859. This
conjecture refers to the Riemann zeta function that has its
zeros only at the negative even integers and complex numbers
with real part %. In particular, Riemann affirms: “...it is very
probable that all roots are real. Of course, one would wish for
a rigorous proof here; I have for the time being, after some
fleeting vain attempts, provisionally put aside the search for
this, as it appears dispensable for the immediate objective of
my investigation.” [1].

Our study

For the spin 1/2 model of Statistical Mechanics, we use
an important Theorem of the last century (Theorem of Lee
and Yang) concerning the locus (unit circle) of the zeros in
z =exp(-2-B-H) where H is the external magnetic field (f=1/
(k-T), with T the absolute temperature.

For the Riemann § function, we use a truncation of the
series in the variable z, z=1-1/s where s = p+i-t.

From the relation between the two “partition functions”
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we obtain already for small systems (2N, i.e. number of spin
variables equal to the degree of truncation of the series of the &
function) very satisfactory positive values of the low Li-Keiper
coefficients, values above our general lower bound given in
terms of the Koebe function (the Riemann Wave Background,
seereference section) and below the corresponding true values
of the truncated partition function of € in the thermodynamic
limit 2-N — co. We notice that considering the very definition
of the Li-Keiper coefficients A_ given in terms of the log of the
¢ function with the series in z by:

log(§(2))= X ((A,/n)z") = X(¢,2")

We obtained an infinite set of Equations for the partial
partition functions ¢ , i.e. the cluster functions, which possess
a linear lower bound - Linear bound - which gives lower
bounds to the A using the spin-lattice models, i.e. the Riemann
wave background. The background may be summarized as
follows: starting with the established lower bound for the
cluster function ¢, we obtain a function containing as an
argument the Koebe function i.e. K(z)=z/(1-z)? which is given
by f(z)=log(1+A,-K(z)) and related to the partition function
of the smallest spin system, (i.e. that consisting of just two
interacting spins in a magnetic field H in z= exp(-2-8-H)). In
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fact, the numerator of the argument of f(-z), i.e. 1+z%+(2-1,)-z,
using the first equation for the relation of the two truncations
given by 2:N-X®N1 = 2.N -4, for 2:-N=2 gives (2- A,)= X = exp(-
2-B-]) and Z,= 1+z%+2-z-X (] is the two-body interaction) [2].

The expansion of the above logarithm is then given by:

f(2)= |Og(1+ P ]__ a2 LG4 D2 04 642+ i3 )
2 3
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Where A ' is our emerging positive lower bound to the Li-
Keiper coefficients A , given by the inequality:

A 22" =4-sin?(6-n/2) withn=1, 2, ...

Notice, 6 is the solution of the equation: 4-sin*(6/2) = A,,
ie.0=0.15211929... where A, is the first Li-Keiper coefficient
- independent of the truth of the Riemann Hypothesis - and
exactly given using the two constants (mand the Euler constant
y=0.57.) by A,= 1+ v/2 - (¥2)-log(4-m)=0.0230957...

Conclusion

In this work, we have applied a thermodynamic modeling,
to provide a possible proof of the Riemann Hypothesis.
During these studies, we found a (positive) periodic function
named “Riemann wave background” [3]. It depends only on
y (the Euler-Mascheroni constant) and m. Figure 1 shows the
Riemann wave background. Our (positive) periodic function
(Riemann wave background) depends only on y (the Euler-
Mascheroni constant) and m); i.e. on the first Li-Keiper
coefficient A,.

A" is our emerging positive lower bound to the Li-Keiper
coefficients. It represents the infinite set of discrete values
(n integer) in the continuous Riemann wave background,
the function for n real, periodic of period about equal to 41
(Figure 1).
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Figure 1: The Riemann wave background given by the periodic function

A,' = 4-sin?(8-n/2) with n a real variable.
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Other strategies for a possible proof of the Riemann
Hypothesis are of course possible. We limit here to give a
few important and general References, one [4] concerning
the foundations of Statistical Mechanics, and the second [5,6]
presents the main known equivalents to Riemann Hypothesis
using analytic and computational methods. The third reports
the most important approaches in the study of the Riemann
Hypothesis [7] and the fourth discusses a not plausible route
to proving Riemann Hypothesis [8]. References to our recent
works in the above direction are also cited [2,3,9,10].
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