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Abstract

In this paper, we use the modulus of continuity to study the rate of A-statistical convergence 
of the Kantorovich-type (p,q) - analogue of the Balázs–Szabados operators by using the statistical 
notion of convergence.
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Introduction 
Bernstein type rational functions,  
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 Balázs deϐined and 

investigated them in 1975, (see [1]). In this deϐinition, f is a real and single-valued function deϐined on the interval [0,∞), an 

and bn  are real numbers that have been appropriately chosen and are independent of  x. Seven years later, in 1982, Balázs and 
Szabados cooperated to improve the estimate in [1] by selecting appropriate parameters an and bn  under some restrictions for 
f(x),  (see[2]).

 Recently, different q - generalizations of Balázs-Szabados operators have been studied by several researchers, see [3-7].  In 
[8], the Kantorovich-type q - analogue of the Balázs-Szabados operators is deϐined by Hamal and Sabancigil as follows:
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Additionally, the fast rise of (p,q) - calculus has encouraged many mathematicians in this subject to discover different 
generalizations. In the last decade, Mursaleen et al. deϐined and studied the analogue of many operators (see [9-15]). The (p,q) 
- generalization of Szász–Mirakjan operators was studied by Acar (see [16]), (p,q) - Kantorovich modiϐication of Bernstein 
operators was studied by Acar and Aral (see [17]).
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In [18-20], recently, Hamal and Sabancigil introduced a new Kantorovich-type (p,q) - analogue of the Balázs–Szabados 
operators by generalizing the new Kantorovich-type q - analogue of Balázs–Szabados operators, given by (1), as follows:
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These newly deϐined operators have some advantages when they are compared with the other (p,q) - analogues given in the 
other studies. The ϐirst advantage is that they are positive for all continuous and real-valued functions on the half-open interval 
[0,∞). The second advantage is that they can be used to approximate also the integrable functions. If p = 1, these polynomials 
reduce to the new Kantorovich-type analogue of the Balázs–Szabados operators, which are deϐined by Hamal and Sabancigil in 
[8]. Moreover, we considered the following two special casea:

If 0<p<q≤1 or 1≤p<q<∞ or when the positivity property of the operators fails.

If 1≤q<p<∞ then approximation by the new operators  ,, ,R f xn p q
  becomes difϐicult because if p is large enough then 

the sequence  , ,Rn p q n



 may diverge.

Before stating the main result for these operators, we give some notations and deϐinitions of (p,q) - calculus. For any p>0, q>0 
non-negative integer n, the (p,q) - integer of the number n is deϐined as follows:
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and (p,q) - binomial coefϐicient is deϐined by
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The formula of (p,q) - binomial expansion is deϐined by
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Fast [21] and Fridy [22] provided the following notions.

Suppose that  1,  2, ...E   and  : .E k n k En    Then   1
limE Enn n

 


 is called the natural density of E provided 
that the limit exists.

De inition 1: A sequence x = (xn) is statistically convergent to the number L if for every ε>0, we have  : 0k x Lk      
is denoted by limst x LnA n

 


. 

Because all ϐinite subsets of the natural numbers have density zero, any convergent sequence is statistically convergent, but 
not contrariwise. 

For example, consider the sequence A = {an, n = 1,2,3…} whose terms are
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2  when  ,  1, 2, 3,...

1    otherwise 

n n m man
  





 

We can see that the sequence is divergent in the ordinary sense, but it is statistically convergent to 1.

Let CB [a,b] denote the space of all functions f which are continuous in every point of the interval [a,b] and bounded on the 
entire positive real line,    , 0,f x M xf    .

Lemma 1 ([10]): For all Let  ,  0,n x    and 0<q<p≤1, we have the following equalities:
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Lemma 2 ([10]): For all  ,  0,n x   <q<p≤1, we have the following estimations:
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In the following theorem, the Bohman –Korovkin type statistical approximation theorem was proved by Gadjiev and Orhan 
[23].

Theorem 1 ([13]): Let  n n
  be a sequence of positive linear operators acting from CB [a,b] to B [a,b] that is, 

   : , ,C a b B a bn B   satisϐies the conditions that

   lim 0  with  and  0,  1, 2.ist e e e t t in i i iA        (6)

Then, we have 

  lim 0   ,  , .st f f f C a bn BA n
    

Now, we give the main result of this re search is to use the modulus of continuity to s tudy the rate of A-statistical convergence 
of Kantorovich-type (p,q) - analogue of the Balázs–Szabados operators  ,, ,R f xn p q

 .

Theorem 2: Let    , ,  0 1q q p p q pn n n n      such that lim 1, lim 1st q st pn nA An n
     and lim 1nst pnA n

  .   Then for 

each compact interval    0, 0,b   , we have       lim , 0 ,   0,, ,st R f x f x f C bn p qA n
     .

Proof: According to Theorem 1, it is sufϐicient to show that it satisϐies (6). By using Lemma 1, it is clear that
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Again by Lemma 1, we have

     

 
 
 

2
;, 1 1, 2 2 1 ,, ,,

2
, ,                           .

2 2 1 1, ,, ,, ,

np q xn nR e x e xn p qn n b a xn n p qp q p q n nn n

n a xp q n p qp x n nn nn
b a x a xn n p q n p qp q p q n n n nn n n n

    



  

 

 
 
 
 

By taking the maximum of both sides of the  last equality on [0,b] with 
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By tak ing the limit of both sides of the above inequal ity (9), It is obvious that
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Which implies 

 lim ; 0, 1 1,st R e x en p qA n nn
   . (10)

Also, by using Lemma 1, we may write
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Then, from (11) we may write ,1 2 3 4D D D D D   
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by taking the limit of both sides of the above inequality, It is obvious that

          01 2 3 4D D D D D         , which implies 

 lim ; 0., 2 2,st R e x en p qA n nn
    As a result, Equation (6) is proven, yielding the desired result.

Conclusion 
In this paper, by using the notion of (p,q) - calculus and statistical convergence, we give the main result of this research to 

use the modulus of continuity to study the rate of A-statistical convergence of Kantorovich type (p,q) - analogue of the Balázs–
Szabados operators.ases:
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