The Open Access
Publisher

@HSPI

(1)(3)(P )[R A)INTERNATIONAL JOURNAL OF

| issv | |PETTEEAZEY PHYSICS RESEARCH AND APPLICATIONS

Short Communication

Generalized Trace Inequalities for Q

Uncertainty Relations

Kenjiro Yanagi*

Professor Emeritus, Faculty of Engineering, Yamaguchi University, Japan

Abstract

Iin 2015 we obtained non-hermitian extensions of Heisenberg type and Schrodinger type
uncertainty relations for generalized metric adjusted skew information or generalized metric
adjusted correlation measure and gave the results of Dou-Du in 2013 and 2014 as corollaries. In this
paper, we define generalized quasi-metric adjusted Q skew information for different two generalized
states and obtain corresponding uncertainty relation. The result is applied to the inequalities related
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to fidelity and trace distance for different two generalized states which were given by Audenaert, et

al.in 2009 and 2008; and Powers-Strmer in 1970.
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Introduction

In quantum mechanics, it is well known that the
Heisenberg/Schrodinger uncertainty relations hold for
two non-commutative observables and density operators.
Dou and Du obtained several uncertainty relations for two
non-commutative non-hermitian observables and density
operators in [1,2]. In [3-5] we gave non-hermitian extensions
of Heisenberg type or Schrodinger type uncertainty relations
for the generalized metric adjusted skew information or
generalized metric adjusted skew correlation measure
which were obtained in Yanagi, Furuichi, and Kuriyama in
[6]. In this paper, we extend the non-hermitian uncertainty
relations to g-uncertainty relation and apply them to the trace
inequalities related to fidelity and trace distance for different
two generalized states given by Audenaert et al and Powers-
Steormer in [7-10].

Let Mp(@©) (resp. M,,(C)) be the set of all nxn complex
matrices (resp. all nxn self-adjoint matrices), endowed with
the Hilbert-Schmidt scalar product <X,Y>=Tr[X*Y]. Let
Mp+(©) be the set of strictly positive elements of M,(C). A
function f:(0,+0) >R is said operator monotone if, for any
neN, and ABeMp (C) such that 0<A<B, the inequality
0<f(A)<f(B) holds. An operator monotone function is said
symmetric if f{x)=xf(x') and normalized if f{1)=1.

Definition 1.1 Let Sop be the class of functions
f :(0,+0) — (0,+0) satisfying

f()=1,
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et h="f,
f is operator monotone.

For f €Top define f(0)=limx—0f(X). We introduce the sets
of regular and non-regular functions

3c';p:{f €Sop | F(0)=03, 38p={f eopl F(0)=0}

and notice that trivially Sop =3%p “3gp . In Kubo Ando's
theory of matrix means one associates a mean to each operator
monotone function f €gpp by the formula

where A,BeMy ,(C). By using the notion of matrix means
we define the generalized monotone metrics X,Y e Mp(C) by
the following formula

(X.Y)¢ o =THIX M (Lp.GRg) ™'Y,

where LAo(X)=AX,Rg(X)=XB and q > 0.

Generalized Quasi-metric adjusted Q Skew information
and Q correlation measure

Definition 2.1 Let g. f € §gp satisfy
(x-1)
f(x)
for some k > 0. We define
2
f _ (x-1)
Ag (X)—g(X)—kWE&)p- (2.1

Definition 2.2 Notation as

g(x) >k

in Definition 2.1. For
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X,Y eM,(C), ABe Mn’+(<C) and g>0, we define the following

quantities: F%g’%(x,YFk((LA—qRB)X,(LA—qRB)Y>f’q
=KTr{X (L —aRg)m (Ly.0Rg) (L, ~aRg)Y]
=Tr[X*mg(LA,qRB)Y]—Tr[X*mAé (Lp-Rg)Y1,
1900 =T g0,

W) 00N =TrX Mg (L aRg Y1+ Tr X m N (Lp-aRg)Y],

18900 ¥ 4000,

(9,1) xy= {1(9,F) (9,f)
UqX) \/IA’B,q(X)JA’B’q(X) _

The quantities I'(A?éta(X)andF%g”Bf’a(X,Y) are said

generalized quasi-metric adjusted q skew information and
generalized quasi-metric adjusted q correlation measure,
respectively.

Theorem 2.1 (Schrodinger type). For f ESSp, it holds
(9:)xy.1€9.F) (9.f) 2

LB Tag g AT R (X

where X,Y eM{(C), A Be Mp 4 (©) and q > 0.

We use only Schwarz inequality to prove Theorem 2.1
similarly to the proof of Theorem 2 in [4]. We note the equation

nn
A= i 2 A e oy

where A= Zinzlli l¢ )41, B :2?:#‘1 |y j)vj| are the spectral
decompositions.

Theorem 2.2 (Heisenberg type) For f eSgp, if
gO+AF 020 (2.2)
for some >0, then it holds

(9,f) (9,f) * 2
Uiq () Ul a2 Ke ITHX Ly ~aRg Y2,

where X,Y eMp(C), ABe Mp+(©) and g>0. In particular,
k(TrX" L, —qR, 1 X])* (2.3)
sTr[X*(mg(LA,qRB)—mAg(LA,qRB))X]
xTr[X*(mg(LA,qRB)+mA£(LA,qRB))X],

where X eMp(C), ABe Mp 4(©) and g>0.

We use refined Schwarz inequality to prove Theorem 2.2
similar to the proof of Theorem 3 in [4].

Trace inequalities

We assume that

X+1

90="-, f=a(l-a) f(0)

S VR [ RS
(-T2
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Then, since (2.1), and (2.2) are satisfied for g,f,k and ¢, we
have the following trace inequality by putting X = I in (2.3).

a(1-a)(Tr| Ly -aRg | 1)

2 2

(3.1)

This is a generalization of trace inequality given in [8]. And
also we give the following new inequality by combining the
Chernoff-type inequality with the above theorem.

Theorem 3.1 We have the following:

1

. l-o a
- - — <
5 MA+AB-|Lp~GRg [1]< inf THA™T(AB)]

<Tr A2 (qB)2]< %Tr[A“(qB)l_a + A2 (B2

< JGTr[M qB]j

We need the following lemma in order to prove Theorem
3.1

2
—a(1-a)(Tr{|Ly —~aRg |2

Lemma3.1Let f(s)=Tr[AI"S(qB)%] for A.BeMp(C), 0<s<I
and q > 0. Then f{s) is convex in s.

Proof of Lemma 3.1.

£'(5)=Tr-A"S log A@GB)® + AlS(qB)* 1og4B] And then
£"(s)=Tr[Al"S (log A)2 (qB)S — Al™S log A(GB)® log GB]
~Tr[A=S log A(qB)S log 4B — Al™S(qB)S (log qB)?]
=Tr A5 (log A2 (qB)S1-Tr[Al =S log Alog qB(qB)%]
~Tr{logqBlog AAI=S(qB)S1+ Tr[Al=S (log qB)2(gB)%]
=Tr[Al"S log A(log A—logqB)(qB)S]
~Tr[A"S(log A—log gB)log qB(qB)°]
=Tr[A=S(log A—log qB)(qB)® log A]
~Tr[ A" (log A-log qB) log qB(qB)%]
=Tr[Al"S(log A—log qB)(qB)S (log A—log gB)]

=TrI A2 (106 A 102 qB)(qB)S (log A—logqB) A2 1> 0.

Then f{s) is convex in s.

Proof of Theorem 3.1. The third and fourth inequalities
follow from Lemma 3.1 and (3.1), respectively. So we may only
prove

Tr[A+qgB-|L 1< 2T A% @B)?*] (0<a<]).

A_qRB‘
Let
A=;/1i |4 = IZi/li [ 1y vl

B:ZJZ#J' v \:%ﬂj LGNt
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Then we have
Tr[A]:%m@,|w,—>|2,Tr[B]:%u,—|<¢,|w,—>|2.
And since

Ly —QRg = X | A —Qu; R

b= Re = 4 1A= gy oy

we have

(L =tRg 1= 214 —au 1444 v ) |
Then we have
Tr[|LA—qRBu]=IzJui—qu,—||<¢,|wj>|2.
Therefore
TV[A+qB—\|—A—qRB||]=|Zj(/7«i+Qﬂj—\/7«i—QNj \)\(415‘,\!1/]>\2~
On the other hand since

A=A L = SR 8 i |

B =X o = Sy 48 v ) |
we have

AT () = T ) ) v v
Then

LA (B 1= 24 ) 1 v )
Thus

T A% (qB)"#]-Tr[A+qB-| Ly—aRg 1]
- 1- 2
—%{2/7«{1(%”]) a—(/li"'q,uj—\/li—quj|)}|<¢‘|\‘//j>| :

Since 2x%(qy)"% —(x+ay-|x-qy)=0 for xy>0,0<a<l

and g>0 in general, we can get the result.

Remark 3.1 There is no relationship between Tr[| A-qB]|]

and Tr[| Ly—0Rg 1] For example, let

gl

N — W
L N —
Il
VO
S
N O
—

1
and q=§ Then TriLy—aRg [1]1=3 and Tr[|A-qB|]=+10.

On the other hand, let

A= , B= 5
ANEY R [
2 2
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And q=2. Then Tr[|L,-qRg[1]=8 and Tr[|A-gB[]=+58.
Then Theorem 3.1 and trace inequality given by Audenaert et
al and Powers-St@rmer have no relationship.

Conclusion

We gave a non-hermitian q uncertainty relation and apply
to the trace inequalities related to fidelity and trace distance
for different two generalized states.
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