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A problem of a couple of connected inverted pendulums is considered under

stochastic perturbations of the type of the Wiener and Poisson processes. This L SRR (el U, 2o EIE neizere
problem generalizes the classical physics problem of a controlled inverted equilibria; Stochastic perturbations; White noise;
pendulum and continues a series of unsolved problems in stability and optimal Poisson's Jumps

control theory for stochastic delay differential equations, published by the author M) Check for updates
from 2010 to the present. Since none of these problems has been solved yet, the
purpose of this paper is to attract the attention of interested researchers to these @ OPEN ACCESS

problems, which may lead both to the solution of at least some of them and to
the general development of stability and optimal control theory for stochastic
systems.

Introduction

The classical physics problem of a controlled inverted pendulum has a long history [1] and, to date, remains very popular in
research (see, for instance [2-7] and the references therein).

Consider the system of two differential equations:

%, (t) — a,sinx, (t) — b, X, (t) = u, (1), X, (t) — a,sinx, (t) — b, X, (t) = u,(t), 8, >0, a, > 0, t >0, (1
with the controls

u () =17 dK, (D)Xt =7), u(t) =7 dK,(2)x,(t - 7). (2)

Ifb, = b, =0, then the system (1), (2) splits into two independent equations, each of which describes a problem of a controlled
inverted pendulum. So, the system (1) can be considered as a system of two coupled inverted pendulums [8].

The classical way of stabilisation in this problem [1] is a linear combination of the state x(t) and the velocity x(t)of the
pendulum, i.e.,

u(t) = ax(t) + gx().

But this type of control, which provides instantaneous feedback, is quite difficult to realise because it usually requires a finite
time to take measurements of the coordinates and velocities, process the results, and implement them in the control action.

Unlike the classical approach to stabilisation, another stabilisation method is considered in [9]. It is supposed that only the
trajectory of the controlled inverted pendulum is observed and the control u(t) does not depend on the velocity, but depends on
the all previous values of the trajectory x(s), s < ¢, and is given in the form (2), where the kernel K (1), i = 1,2, is a continuous from
the right function of bounded variation on [0,0). The integral is understood in the sense of Stieltjes. It means, in particular, that
both distributed and discrete delays can be used depending on the concrete choice of the kernel K (t).
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Stochastic perturbations and equilibria

Let {Q,F,P} be a complete probability space, {F;,t >0} be a nondecreasing family of sub-c-algebras of §,i.e., 3, =3 fors<t,
and E be the mathematical expectation with respect to the probability P.

Supposing that stochastic perturbations influence the parameters al and a2 in the system (1)

a—>a+&1), EM=cw®)+yrt), i=12,

where v (t) =v,(t)- At ,Ev;(t) = At , A,> 0, w,(t) and v(t) are, respectively, § -measurable mutually independent of the Wiener
and Poisson processes, we obtain the system of stochastic differential equations with delays [9-11].

X, () =X, (1), %, =(a, + 5.1 (t))sinx,, (t) + b x,, (t) + I;‘ dK, (7)X,, (t = 7), %, (1) = Xy, (1), Xy, (1) =

(@, + & (1)sinXy, (1) +b,x,, () + [5 dK, ()%, (t — 7).

or

dx,, (8) = X, (D)t dx,, (1) = (@sinx,, (1) + by, (t) + 17 dK, (2)x,, (t = 7)) dt + sinx,, (t)(odw, (1) +

7107, (0)), 0, (8) = X,, (©)dlt, A, (1) = (@,sinx,, (1) + by, () + [} dK, ()%, (t—7) ) dt + (3)

sinx,, (t)(o,dw, (t) + 7,d Vv, (t)).

Note that the system (1), (2) has both the zero equilibrium and the nonzero equilibrium (%,%,), which is a solution of the
system of algebraic equations

asink +bX, + Kk, & =0,a,sin%, +0b,% +Kky,%, =0,
Where k,; = I;; dK;(z), 1= 1,2, and is also the equilibrium of the system of stochastic differential equations

dx,, (1) = X, (H)dt, dx,, (t) = <a15inxn(t) +h%, (1) + I: dK, (7)x,,(t - T))dt +(x, (1) -
(0, (0) + 7,67 (0), ey (6 = X (D), Ay (1) = (it (1) By, (6 + 7 0K, ()5, (= 7))t 4 )
(le(t) - )’Zz)(o-zdwz(t) + 72d‘72(t))~

The problems of stability investigation of the systems (3) and (4) are now unsolved problems and are proposed to the
readers’ attention.

Conclusion

The proposed paper continues a series of papers devoted to unsolved problems in the theory of stability and optimal control
for stochastic systems (see [12-26] and the references therein). Here, the problem of the controlled inverted pendulum is
considered, which was first studied many years ago [1] and remains very popular in research (see, for instance, [2-7] and the
references therein). In particular, it is supposed that the inverted pendulum is considered under the influence of stochastic
perturbations, so the considered stabilisation problem is a problem of the theory of stochastic functional differential equations
[9-11].

The list of the author’s unsolved problems continues to increase. It is hoped that these unsolved problems, when collected
together, will enable interested researchers to identify fundamentally new ideas for their solution. An excellent outcome of
studying the proposed unsolved problems here would be the publication of a series of new papers with their solutions.

References

1. Kapitza PL. Dynamical stability of a pendulum when its point of suspension vibrates, and a pendulum with a vibrating suspension. In: ter Haar D,
editor. Collected papers of P.L. Kapitza. London: Pergamon Press; 1965:714-737. Available from: https://www.scirp.org/reference/referencespapers?r
eferenceid=1897551

2. Semenov ME, Solovyov AM, Meleshenko PA. Elastic inverted pendulum with backlash in suspension: stabilization problem. Nonlinear Dynamics.
2015:82(1):677-688. Available from: https://doi.org/10.1007/s11071-015-2186-y?urlappend=%3Futm_source%3Dresearchgate.net%26utm_
medium%3Darticle

3. BiswasT,Rao S, Bhandawat V. A simple extension of inverted pendulum template to explain features of slow walking. Journal of Theoretical Biology.
2018:457:112-123. Available from: https://doi.org/10.1016/jjtbi.2018.08.027

4.  Antoniak G, Biswas T, Cortes N, Sikdar S, Chun C, Bhandawat V. Spring-loaded inverted pendulum goes through two contraction-extension cycles
during the single-support phase of walking. Biology Open. 2019;8(6):11. Available from: https://doi.org/101242/bio.043695

https://doi.org/10.29328/journal.ijpra.1001147 m




About One Generalization of the Classical Physics Problem of Controlled Inverted Pendulum m
,

20.

21

22.

23.

24.

25.

26.

Aranovskiy S, Biryuk A, Nikulchev EV, Ryadchikov |, Sokolov D. Observer design for an inverted pendulum with biased position sensors. Journal of
Computer and Systems Sciences International. 2019;58(2):297-304. Available from: https://inria.halscience/hal-02282919v1

Saleem O, Mahmood-ul-Hasan K. Robust stabilization of rotary inverted pendulum using intelligently optimised nonlinear self-adaptive dual
fractional-order PD controllers. International Journal of Systems Science. 2019;50(7):1399—1414. Available from: https://doi.org/]0.1080/00207721.2019.161
55752urlappend=%3Futm_source%3Dresearchgate.net%26utm_medium%3Darticle

Shaikhet L. About stabilization of the controlled inverted pendulum under stochastic perturbations of the type of Poisson’s jumps. Axioms.
2025:14(1):29:14. Available from: https://doi.org/10.3390/axioms14010029

Shaikhet L. About unsolved problems in stabilization of two coupled controlled inverted pendulums under stochastic perturbations. Applied
Mathematics Letters. 2026:173:109763:5p. Published online 2025-09-19. Available from: https://doi.org/10.1016/j.amI.2025.109763

Shaikhet L Lyapunov Functionals and Stability of Stochastic Functional Differential Equations. Berlin/Heidelberg (Germany): Springer Science &
Business Media; 2013. Available from: https://link.springer.com/book/101007/978-3-319-00101-2

Gikhman II, Skorokhod AV. Stochastic Differential Equations. Berlin/Heidelberg (Germany): Springer; 1972. Available from: https://www.scirp.org/
reference/referencespapers?referenceid=2209781

Gikhman II, Skorokhod AV. The theory of stochastic processes. Vol. 3. Berlin: Springer-Verlag; 1979. Available from: https://archive.org/details/
theoryofstochast0000gikh_yO0t9

Shaikhet L. About some unsolved problems of stability theory for stochastic hereditary systems. Leverhulme International Network: Numerical and
analytical solution of stochastic delay differential equations; University of Chester, UK; 31 Aug—3 Sep 2010. Abstracts. p. 6-7.

Shaikhet L. Unsolved stability problem for stochastic differential equation with varying delay. Leverhulme International Network: Numerical and
analytical solution of stochastic delay differential equations; University of Chester, UK; 5-7 Sep 2011. Abstracts. p. 2. Available from: https://www.
reseqrchgctte.net/publicqtion/261871561_UnsoIved_stdbility_probIem_for_stochdstic_differentioI_equqtion_with_vqrying_deldy

Shaikhet L. About an unsolved stability problem for a stochastic difference equation with continuous time. Journal of Difference Equations and
Applications. 20T1:17(3):441-444. Published online 2010 Mar 5. Available from: https://doi.org/101080/10236190903489973

Shaikhet L. Two unsolved problems in the stability theory of stochastic differential equations with delay. Applied Mathemaitics Letters. 2012;25(3):636~
637. Available from: https://doi.org/10.1016/j.am!.201110.002

Shaikhet L. About an unsolved optimal control problem for stochastic partial differential equation. In: XVI International Conference Dynamical System
Modeling and Stability Investigations (DSMSI-2013); 2013 May 29-31; Kiev. p. 344. Available from: https://www.researchgate.net/publication/261871639 _
About_an_unsolved_optimal_control_problem_for_stochastic_partial _differential_equation

Shaikhet L. Some unsolved problems: Problem 1, Problem 2. In: Lyapunov Functionals and Stability of Stochastic Functional Differential Equations.
Berlin/Heidelberg: Springer Science & Business Media:; 2013;51-52. Available from: https://doi.org/101007/978-3-319-00101-2

Shaikhet L. Four unsolved problems in stability and optimal control theory of stochastic systems. Academia Letters. 2021;1307:8. Available from:
https://www.academia.edu/49816107/

Shaikhet L. Some unsolved problems in stability and optimal control theory of stochastic systems. Mathematics. 2022:10(3):474:10. Available from:
https://doi.org/10.3390/math10030474

Shaikhet L. Some unsolved problems in stability and optimal control theory of stochastic systems. Mathematics. 2022:10(3):474:10p. Published online
2022 Feb 1. Available from: https://doi.org/10.3390/math10030474

Shaikhet L. Unsolved problem about stability of stochastic difference equations with continuous time and distributed delay. Modern Stochastics:
Theory and Applications. 2024:11(4):395-402. Available from: https://doi.org/1015559/24-VMSTA253

Shaikhet L. About an unsolved problem of stabilization by noise for difference equations. Mathematics. 2024:12(1)110:11. Available from: https://www.
mdpi.com/2227-7390/12/1/10

Shaikhet L. Unsolved problem about stability of stochastic difference equations with continuous time and distributed delay. Modern Stochastics:
Theory and Applications. 2024:11(4):395-402. Available from: https://doi.org/10.15559/24-VMSTA253

Shaikhet L. About one unsolved problem in asymptotic p-stability of stochastic systems with delay. AIMS Mathematics. 2024;9(11):32571-32577.
Available from: https://www.aimspress.com/article/doi/10.3934/math.20241560

Shaikhet L. About some unsolved problems in the stability theory of stochastic differential and difference equations. Axioms. 2025:14(6):452:10.
Published online 2025 Jun 9. Available from: https://doi.org/10.3390/axioms14060452

Shaikhet L. About a series of unsolved problems in the theory of stability and optimal control of stochastic systems. Fundamental Journal of
Mathematics and Mathematical Sciences. 2025:19(2)195-201. Published online 2025 Dec 31. Available from: https://frdint.com/about_a_series.pdf

https://doi.org/10.29328/journal.ijpra.1001147 m



