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Abstract

Here are presented ideas on moving power from the power grid to redox fl ow 
batteries, and the reverse. The thought is to provide the electrochemical stack 
unit with DC power from the power grid using high-temperature superconducting 
(SC) lines, which require the least maintenance, the lowest cost of materials, and 
the simplest solid-state chemistry employed to manufacture stable SC lines. 
The chemistry behind making the SC lines is provided in terms of discussing the 
electronic orbitals, the physics thought to underline the phenomenon, and ways 
to elevate the superconducting critical temperature TC. The higher the TC, the 
more likely SC technology is to be utilized.
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I. Introduction 
In the past, our company has investigated many aspects of 

Redox Flow Batteries (RFBs) in order to advance understanding 
of the basic science and engineering, which would impact 
our efforts to manufacture Vanadium Redox Flow Batteries 
(VRFBs). This has included: quantum chemistry origin of the 
exponential unitless coefϐicients found in Taϐlove and Butler-
Volmer equations allowing closed form nonlinear current-
voltage analytical formulas [1]; Nernst equations showing 
dependence on overpotential in nonequilibrium [2,3]; 
governing equations required to describe the operation of a 
redox ϐlow battery [4]; the role of ϐluid physics controlling the 
VRFB including ion crossover effects [5,6]; optical techniques 
involving spectroscopy to assess ion concentrations [7]; 
various measures of RFB performance such as Coulomb, 
voltage and energy efϐiciencies, and energy density [8]; 
State of Charge (SoC) contributions in bipolar plates and 
electrodes [9]; and charging requirements for starting up and 
maintaining cycling through time of the RFB [10]. An overview 
of using RFBs for residential, commercial, or medical facilities 
was provided too [11]. The last articles [10,11] hint at the best 
ways to go from the RFB system (stack, tanks, sensors, pumps, 
pipes, and monitoring computers) to the power grid.

The treatment in this paper aims to ϐill in a gap that has 
existed in the literature for many decades, which is whether or 
not to use AC or DC power grid lines and whether or not to use 
conventional aluminum/copper or other conventional metals, 

or to use superconducting lines, to feed into the RFB. The use 
of superconducting lines is known to allow the movement of 
power at a considerable reduction in losses (usually ohmic) 
compared to conventional metal lines. It would seem this 
would be the best alternative for feeding power to end users, 
such as those employing RFBs to store energy and providing 
power during power outages. The problem with that thought 
is that there is a considerable cost to providing the cooling 
systems required to lower the power line grid temperature 
Tgrid below ambient temperature Ta enough that it is also less 
than the superconducting critical temperature TC. That is,

      grid C aT T T 

Well known is the advantage of using AC transmission 
along power lines because the losses are considerably less 
than those of DC transmission, especially for long distances. 
This truth does not hold for shorter grid movements, however. 
For shorter power distance transmission, the use of either AC 
or DC would be acceptable. For shorter distances, it might very 
well be viable economically to employ Superconducting (SC) 
lines. This would be helped enormously if the SC line materials 
had TCs higher than the readily available material TC

‘s, which 
are below 140 K, with commercially available materials with 
considerably lower TC

‘s. Note that room temperature is at 
about 300 K. There is another caveat, and that is the use of 
AC power transmission using SC lines induces eddy currents 
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with ϐlow increasingly restricted to outer conducting SC 
surfaces as frequency increases. This problem does not 
occur for DC SC transmission. Figure 1 shows the two types 
of power transmission grids (AC and DC), and the required 
transformations from that grid's high voltage to the low 
voltage (but often high amperage of the redox ϐlow battery 
stack) - at the bottom of each ϐlow chart is found the VRFB. 
Figure 2 shows one of our stacks, which is contained in the 
last block diagram at the bottom of each ϐlow chart. Figure 3 
shows what a single-cell VRFB looks like internally regarding 
the electrochemistry, as well as the external equipment to run 
it.

The literature in the ϐield of superconductivity is vast, and 
includes many efforts over the last nearly 40 years, earlier 
directed toward developing higher Tc materials beyond the 
ϐirst wave of those that shot up beyond the more traditional 
spherical band structures. Now the superconductive 
community knows about iron-based superconductors 
(pnictides, like Fe-doped LaOFeAs [12-14]), which can display 
a relatively high Tc. There are also more exotic (Figure 1).

superconductors, which can not advertise interest for 
high Tc applications. Rather, they are of interest ever since 
investigations into 2D materials showed that graphene 
layers of a single material have analogous properties to 
Dirac particles associated with studies in particle physics. 
What I am talking about here are graphene bilayers, which 
have the two layers slightly twisted with respect to their 
atomic lattice arrangement [15-17]. Of course, there are the 
more traditional low critical temperature materials, which 
are mostly pure metals like Hg or Pb, or alloys like niobium-
titanium, germanium-niobium, or niobium nitride. Beyond 
the cuprate ceramic high Tc materials, there are others like 
magnesium diboride [18,19] with a Tc  = 39 K. Under enormous 
pressure (90 GPa), H2S has the highest Tc ever recorded at 203 
K [20,21]. The Yttrium Barium Copper Oxide (YBCO) family 
of crystalline compounds has general formulas of YBa2Cu3O7-x, 
YBa2Cu4Oy, Y2Ba4Cu7Oy, with original Tc found to be 93 K [22]. 

This group of various stoichiometry oxides can be seen as part 
of the more general group labeled as ReBCO, with Re = rare 
earth element. Non-rare-earth high Tc superconductors were 
also found [23-28] (Figure 2).

Sections that follow treat: quantum wave nature of the 
superconducting electrons (Section II); quantum wavefunction 
pairing overlap in the 3D lattice (Section III); orbital spatial 
characteristics (Section IV); relationship between energy 
interaction mechanisms and the critical superconducting 
temperature (Section V); trends of the superconducting 
materials about atomic or molecular mass, unit cell volume 
or atom counts (Section VI); a discussion (Section VII), and 
conclusions (Section VIII) (Figure 3).

Figure 1: Power distribution grid types (AC SC line left-hand diagram; DC 
SC line right-hand diagram), with the required transformations needed to 
reach the redox fl ow battery stack.

Figure 2: Shown is an assembled Ashlawn 3-cell medium-sized vanadium 
redox fl ow battery stack, with electrolyte tanks and pumps for the 
negative and positive battery half-cells, with a computer for monitoring 
the stack (on the bench in the left-hand background). Controls for 
adjusting pump speeds are shown on the bench with the computer. Spill 
berm (black lattice insulating structure inserted into the yellow tub) for 
fl uid containment is shown below the tanks, pumps, and stack. (Taken 
from [10].)

Figure 3: Shown is a single-cell VRFB, showing the internal stack chemistry 
and the external equipment to run that stack. This is a cross-sectional 
view. (Taken from [10].)
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II. Quantum wave nature of the 
superconducting electrons

It is well understood that the electrons must pair up in 
twos to combine a spin-up electron with a spin-down electron, 
so that the combination has no net spin. When the electrons 
doing this share a common space, traveling together, one 
calls them Cooper pairs. Therefore, the basic unit of charge 
for superconductivity is 2e-, where e- is the magnitude of the 
electron. An equivalent statement to saying the Cooper pair 
has no net spin is to say that their combined magnetic moment 
is zero. When such a pair presents itself to other electrons, 
there is no tendency to break up motion due to Faraday 
effects. However, there is still a net charge, albeit now 2e-, 
which presents itself to other electron pairs. This repulsive 
phenomenon will be dealt with later.

Often, one refers to superconductors as s-wave or d-wave, 
based on the orbital nature of the electron involved. Orbitals 
are determined by the various atomic constituents of the 
compound superconductor. Generally, one may also have 
p-wave or even f-wave superconductors. The direction of the 
wave may be forward or backward propagating, depending on 
the sign of the momentum vector q. For the s-wave electron, 
for its lowering (or destruction operator), one has

     1
1 1 1 1

.
,ó ,ó,     ,0 s si t

s sc t c e    k r
k ks s

                                   (1)

Notice that the destruction operator is given in reciprocal 
momentum space. The only way for this electron to pair up 
with another electron in a common quantum space is for its 
momentum to be exactly opposite and equal in magnitude to 
the other electron’s momentum. Thus,

     2
2 2 2 2

.
,ó ,ó,     ,0 s s

s s

i t
s sc t c e    k r

k ks s
                               (2)

For all electron waves, the prefactor retains the fermion 
character of the operator, whereas the exponential factor 
stores the explicitly propagating wave nature for the quantized 
particles of motion.

Momentum and spin for the s-electrons must satisfy

1 2
    0s s k k                                                                                                                                                    (3a)

1 2
0s s                                                                                                                                                           (3b)

We see from (3) that both momentum and spin are three-
dimensional vectors.

Suppose that one considers p-wave superconductors. Then 
the quantum wave expressions become

     1

1 1 1 1

.
,ó ,ó,     ,0 p s

p p

i t
s sc t c e   


k r

k kp p                                       (4)

     2

2 2 2 2

.
,ó ,ó,     ,0 p s

p p

i t
s sc t c e   


k r

k k p
                                                            (5)

Momentum and spin for the p-electrons must satisfy

1 2
    0p p k k                                                                                                                                                   (6a)

1 2
0p p                                                                                                                                                         (6b)

What about the cuprate superconductors, with d-wave 
character? Then

     1
1 1 1 1

.
,ó ,ó,     ,0 d s

d d d d

i t
s sc t c e    k r

k k                 (7)

     2
2 2 2 2

.
,ó ,ó,     ,0 d s

d d d

i t
s sc t c e    k r

k kd
                         (8)

Momentum and spin for the d-electrons must satisfy

1 2
    0d d k k                                                                                                                                                  (9a)

1 2
0d d                                                                                                                                                         (9b)

But why look at the d-orbital as the last possible orbital 
to consider? At least the f-orbital could be in play to provide 
electrons. Let’s add the f-orbital to our list and then obtain

     1

1 1 1 1

.
,ó ,ó,     ,0 f s

f f

i t
s sc t c e   


k r

k kf f                                             (10)

     2

2 2 2 2

.
,ó ,ó,     ,0 f s

f f f

i t
s sc t c e   


k r

k k f
              (11)

Momentum and spin for the f-electrons must satisfy

1 2
    0f f k k                                                                                                                                                  (12a)

1 2
0f f                                                                                                                                                        (12b)

Alright, so one has amassed a collection of possible 
orbital contributing electrons. Is this all to it? The answer 
is a resounding no! That is because, in principle, the two 
contributing electrons may arise from different orbitals. 
Available orbitals are the s-, p-, d-, and f- orbitals. As long 
as there is orbital electron quantum wavefunction overlap 
in 3D space, pairing could, in principle, occur. Thus, there is 
both self-orbital pairing, as well as inter-orbital pairing. How 
many combinations Corbitals are there for inter-orbital pairing? 
Consider there being two slots available. The ϐirst slot can 
take any one of 4 orbitals. The second slot has three remaining 
possibilities. However, the order in which the slots are ϐilled 
is immaterial, as one is only counting pairs, not the order in 
which one made the pairs. The answer is

.4 3     6
2!orbitalsC                                                                                                                                                (13)

So, is there a convenient way to express the association of 
any two orbital possibilities, regardless of whether they are 
intra-orbital or inter-orbital? The answer is yes, letting the 
two indices i and j be set to

,    , , , i j s p d f                                                    (14)

One. Then the quantum wave expressions become

     1
1 1 1 1

.
,ó ,ó,     ,0 i i

i i

i t
i ic t c e    k r

k ki i
              (15)

     2

2 2 2 2

.
,ó ,ó,     ,0 j j

j j

i t
j jc t c e   


k r

k kj j
                (16)

Momentum and spin for the p-electrons must satisfy

1 2
    0i j k k                                                                                                                                               (17a)
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1 2
0i j                                                                                                                                                     (17b)

Is one now done? The answer again is no. That is because, 
generally, one does not have a solid-state superconducting 
material that is made up of pure single atoms for high critical 
superconducting temperatures. Originally, superconductivity 
was found in pure metals, like mercury, tin, lead, thallium (Tl), 
niobium (Nb), aluminum (Al), and technetium (Tc). These 
metals, and others (see Table 1), are referred to as Type I 
superconductors.

When these Type I superconductors are cooled below their 
critical temperature, they expel all magnetic ϐields from their 
interior, a phenomenon known as the Meissner effect. They 
behave like diamagnets. Superconductivity stops once the 
applied magnetic ϐield exceeds its critical magnetic ϐield, and 
the material returns to a normal, resistive state. The critical 
ϐield for a Type I superconductor is temperature-dependent 
and can be described by the equation:

   
2

  0 1  C C
C

TH T H
T

      
   

                                                                                                                         (18)

Figure 4 demonstrates this quadratic expression for a 
Type I superconductor, and shows the contrasting case for a 
Type II superconductor, which possesses vortices of magnetic 
ϐlux penetrating parts of the superconducting material when

 1 2      C C CH H T H                                                                                                                                       (19)

Type-I superconductors are pure metals with low 
critical temperatures, exhibiting perfect Meissner effect 
(complete ϐield expulsion) and a sharp transition to normal 
state at a single critical ϐield, making them "soft"; Type-II 
superconductors, often alloys or ceramics, have two critical 
ϐields, a "mixed state" (vortices of magnetic ϐlux) between 
them, and can withstand much higher ϐields, making them 
"hard" and practical for strong electromagnets like MRI 
machines.

Let us think about these Type I superconductors, as to 
their orbital nature. Atomic orbitals have their electron 
wavefunctions overlapping in 3D real space, with contributions 
at any spatial location depending on the quantum probability 
or wavefunction to be at that location. Atoms in a perfect 
lattice of the elemental material consist of a repetitive pattern 
in 3D space. Orbital electron overlap for a pair depends on 
contributions from nearest neighbor atoms, next nearest 
neighbor atoms, and so on, moving through the 3D lattice. 
This does not preclude both electrons coming from the atom 
itself, if it possesses two or more electrons. Let’s examine the 
highest TC elemental superconductors from Table 1: Tc, Nb, 
and Pb. Their electron conϐigurations are: Tc: [Kr] 4d5 5s2; Nb: 
[Kr] 4d4 5s1; Pb: [Xe] 4f14 5d10 6s2 6p2. Therefore, Tc and Pb 
can get both paired electrons from the same atomic orbitals 
(respectively, the s- and p-orbitals) in the lattice, whereas Nb 
must ϐind the second s-orbital electron from another atom in 
the lattice. Knowledge that the outermost electrons can act as 
Bloch electrons and cruise the entire lattice freely, guides into 
understanding that this may not be much of a problem. But 
this still points up that even with elemental superconductors, 
accounting for the 3D lattice becomes relevant.

III. Examining the 3D lattice for quantum 
wavefunction pairing overlap

Table 1: Elemental superconductors, with their critical superconducting temperatures 
Tc (K) and critical magnetic ϐields Hc (T). All are BCS-type SCs except Bi, Li, Rh, β-W, and 
Yb.

Element Tc (K) Hc (T) Type (I or II) 
Al 1.20 0.01 I
Bi 5.3 × 10−4 5.2 × 10−6 I
Cd 0.52 0.0028 I
Ga 1.083 0.0058 I
Hf 0.165 I

α-Hg 4.15 0.04 I
β-Hg 3.95 0.04 I

In 3.4 0.03 I
Ir 0.14 0.0016 I

α-La 4.9 I
β-La 6.3 I

Li 4.0 × 10−4 I
Mo 0.92 0.0096 I
Nb 9.26 0.82 II
Os 0.65 0.007 I
Pa 1.4 I
Pb 7.19 0.08 I
Re 2.4 0.03 I
Rh 3.25 × 10−4 4.9 × 10−6 I
Ru 0.49 0.005 I
Sn 3.72 0.03 I
Ta 4.48 0.09 I
Tc 7.46 – 11.2 0.04 II

α-Th 1.37 0.013 I
Ti 0.39 0.01 I
Tl 2.39 0.02 I

α-U 0.68 I
β-U 1.8 I

V 5.03 1.0 II
α-W 0.015 0.00012 I
β-W 1 - 4
Zn 0.855 0.005 I
Zr 0.55 0.014 I

Figure 4: Type I (left diagram) and Type II (right diagram) superconductors, 
showing magnetic fi eld H vs. T.
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Pairing is promoted by various energy exchange 
mechanisms, which allow the Coulomb repulsion of the two 
electrons to be paired. Therefore, energy must be supplied to 
push the two electrons into enough proximity to be in mutual 
association. Call the mechanism energy  1 1 2 2, , 

1 2, o a o aen exch
mV r r , 

which depends on the mechanism type m, electron positions
and. This interaction energy must be weighted by each 

electron's probability to be present in real space to allow the 
energy exchange to allow pairing. Electron 1’s wavefunction 
is 1 1,

1
o a , whereas the second electron’s wavefunction is 2 2,

2
o a

. Orbital type is 1o for the ϐirst electron, and 2o for the second 
electron. Electron orbitals arise from different lattice atoms, of 
type a1 for the ϐirst electron and a2 for the second electron. The 
total electron wavefunction for the ϐirst electron arises from 
summing over the entire lattice, perhaps in a tight-binding 
approximation. Therefore,

   1 1 1 1

1 1

, ,
1 1 1 1  o a o aT

o a
 r r                  (19)

Similarly, for the second electron of the pair,

   2 2 2 2

2 2

, ,
2 2 2 2  o a o aT

o a
 r r                (20)

Equations (19) and (20) are atom-speciϐic orbital electron 
wave functions. They also contain electron spin information to 
be complete. This could be put in explicitly, or one can append 
a spin index, σ, to each wavefunction. The result of the latter is

   1 1 1 1
1 1

1 1

, ,
1, 1 11,  o a o aT

o a
  r r                (21)

   2 2 2 2
2 2

2 2

, ,
2, 2 22,  o a o aT

o a
  r r

     
                   (22)

One may readily employ the Bloch theorem (use of this 
theorem for ϐinding the tight binding electronic structure of 2D 
hexagonal materials is seen in Krowne, Chapter 3 of Advances 
in Imaging and Electron Physics, Vol. 210, 2019 [29]) to ϐind 
the resulting wavefunctions at the various atomic locations, 
being careful to keep track of each atom location the lattice, 
where atom, has a1 .

1 1,
1;0 ; 1;01 1     ;  o a lattice origin

atom iR R R  r r                    (23)

At this point in the discussion, one is at the point of being 
able to calculate the matrix element of the interaction, the 
interaction Hamiltonian of the electron pair system. One ϐinds 
for the mth mechanism,

     1 1 2 2
1 2

† , ,  3 3
, 1 2 1, 1 2, 2 1 11 2  , o a o aCooper pair T en exch T

interaction m r r mH V d d           r r r r r r  (23)

Considering all mechanisms, 
  

, ,   Cooper pair Cooper pair
interaction T interaction m

m
H H                   (24)

One can point out here that examination of the properties 
of 2D materials has been of great interest recently [30-33], 
although here examination of more 3D-like SC’s is treated, 
but one should be aware that 3D or lower-dimensional 2D or 
thin ϐilm SCs are relevant [34-37]. Even 1D materials are of 
interest, like nanowires, but they are less relevant for SC [38-
40].

VI. Consideration of the Orbital Spatial 
Characteristics

It would be useful at this point to examine the various 
orbital spatial distributions and determine which of them are 
most favorable, if any, for Cooper pair associations. Figure 5 
shows the distributions in angular space.

In an atom, the principal quantum number n describes 
the energy of an electron and is associated with many 
orbitals. And n = positive integer. The orbitals associated 
with a particular n are said to reside within the nth shell. 
An azimuthal quantum number l characterizes the orbital 
angular momentum of an electron, is an integer, and  0.l  The 
range of l is 0 1.l n   The last quantum number required to 
describe electron motion around the nucleus is the magnetic 
quantum number. It represents the projection of the orbital 
angular momentum along a chosen axis, and determines the 
magnitude of the circulating electron current about that axis, 
giving the magnetic moment of that electron. Its range of 
values is     .ll m l   For a given n and value l, the range of ml  

 gives those subshell orbitals.

As is apparent, the larger n is, the more orbitals are found 

Figure 5:  Graphical 3D sketches of the s, p, d, and f electron orbitals for the 
atomic nucleus, showing the angular distributions.
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within each l subshell. And this is why one must enter the 
lanthanum group with n = 4, to get f orbitals.

The wave function describing the above considerations is 
the well-known form [41]

     , , , , ,m
n l m nl lr R r Y                     (25)

Here  nlR r  is the radial part of the wavefunction and 
 ,m

lY    is the complex spherical harmonic part of the 
wavefunction.

The quantum mechanical representation of the complex 
spherical harmonic is

       
   2 1 1 !

,   1  
4 1 !

mm m im
l l

l l
Y P cos e

l
  


 

 


              (26)

Here m
lP are the associated Legendre polynomials. Radial

 nlR r quantum mechanical part of the wavefunction satisϐies 
the Schrodinger

       
2

2
2 2 2

2  2     1   0nl nl e n
nl

d R r dR r m Er r l l R r
drdr r

       ─
             (27)

The Cartesian polynomial representation shown in 
Table 2 arose as a desirable way to display the complex 
wavefunction in a real 3D form, by noting that superpositions 
of wavefunctions can be valid quantum mechanical solutions 
of the atomic orbital equation. This is while realizing that such 
superpositions, based upon complex exponential expansions 
in sinusoidal functions, generate real numbers.

               2im ime e cos m isin m cos m isin m cos m                    (28)

Inspection of the spherical s electron orbital shows that it is 
omnidirectional, allowing equal interaction with a quantized 
wave. Thus, s orbitals are extremely desirable if they are 
available in the superconductor material being considered. 
And this is why superconductivity was ϐirst discovered and 
even understood with the ϐirst detailed theoretical model, 
the Bardeen-Cooper-Schrieffer (BCS) model, for both pure 
elemental metals and compounds. This is also why exposed s 
orbitals should be very desirable for any higher temperature 
superconductors. Embedded s orbitals may be shielded by 
more exterior orbitals, and this would likely reduce their 
effectiveness in interacting with the propagating nonlocal 
quantum waves.

The next orbital group is the p electron orbitals. They have 
no omnidirectional character. Instead, they have coordinated 
directional preferences. So these are much less desirable for 
interaction capability with the propagating quantized waves, 

as they intersect with a much smaller solid angle 3D cross-
section. However, as noted by various workers, they may be 
instrumental in shuttling charges from one part of a unit cell 
to another, particularly important in many of the complicated 
cuprate compound superconductors.

Cuprate superconductors have the advantage of d electron 
orbitals. Their dxy, dxz, dyz orbitals have twice as many lobes 
as p orbitals, so they will have a much larger solid angle 3D 
cross-section with which to intersect with the propagating 
quantized waves. Furthermore, of the other two d orbitals, the 

2 2x yd   adds again for lobes in the xy-plane (with excursions 
into the z-direction). Finally, the last d orbital, the, has two 
lobes in the z-direction (like one of the p orbitals), but also 
an xy-plane omnidirectional lobe which should enhance 
xy-plane interactions with the propagating quantized 
waves. One concludes copper is an ideal d orbital atom for 
superconductivity. Recall that copper has the orbital structure 
[Ar] 3d10 4s1, which is a remarkable situation. This is because 
copper atoms have a full d subshell ϐilling, meaning that the 
maximum number of electrons consistent with the Pauli 
exclusion principle exists. There are ten times the number of 
electrons in copper’s d subshell with which to interact with 
the propagating quantized waves.

So, one wonders if there are possible f orbital electrons 
available in great numbers to interact with the propagating 
quantized waves. One does not get to this point in electron 
occupancy for f orbital atoms until one reaches dysprosium 
with electron orbital structure [Xe] 4f10 6s2. The f orbitals have 
4, 6, or 8 lobes, with one omnidirectional in the xy-plane (the 
dz

3 orbital, which has two lobes and two rings, nominally 4 
lobes). Six lobed f orbitals are the     2 22 2 2 23 3

,  ,  ,  xz yzx x y y x y
f f f f

  . 
Eight lobed f orbitals are the  2 2y x z

f
  and the xyzf  . Therefore, 

one sees that the f orbitals, with their rich lobe structure, 
provide ample opportunity for a signiϐicant solid angle 3D 
cross-section, with the

The eight lobed,    2 2 2 23 3
,  

x x y x x y
f f

   orbitals are particularly 
effective interaction with the propagating quantized waves. 
For good interaction in a plane, consider the six lobed f 
orbitals     2 22 2 2 23 3

, , ,xz yzx x y y x y
f f f f

   , which for the ϐirst two 
handle the xy-plane, whereas the other two handle the xz-
plane and yz-plane. Finally, the dz

3 orbital has a mediocre 
quasi-omnidirectional character.

V. Relating Energy Exchanging 
Mechanisms to Critical Temperature

There is a logarithmic expression that relates the 
critical temperature TC to the sum of the energy interaction 
mechanisms involving the electron pairs, with each particular 
mechanism. It is a sophisticated expression based upon second 
quantization arguments and renormalization techniques 
[42,43], and may be stated as

 
 

, 
2 1  

ln  ln
Cooper pair
interaction T

vol F scaling C
H

V d C T


                    (29)

Table 2: Cells showing subshells, allowable for a particular shell, angular momentum 
quantum number (n, l) set, up to l = 4, n = 5.

l = 0 (s) l = 1 (p) l = 2 (d) l = 3 (f) l = 4 (g)
n=1 ml = 0
n=2 0 -1, 0, 1
n=3 0 -1, 0, 1 -2, -1, 0, 1, 2
n=4 0 -1, 0, 1 -2, -1, 0, 1, 2 -3, -2, -1, 0, 1, 2, 3
n=5 0 -1, 0, 1 -2, -1, 0, 1, 2 -3, -2, -1, 0, 1, 2, 3 -4, -3, -2, -1, 0, 1, 2, 3,4
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The way to interpret this expression is that as one adds 
more energy exchange mechanisms, enlarging the left-hand 
side of (29), the logarithm of the critical temperature In TC must 
rise, catching up to the other logarithm in the denominator. 
The units of the density of states at the Fermi energy, d, are in 
1/ ,ergs cc whereas the unit cell crystal lattice volume is in cc, 
making the product 1/ .ergs . Since scalingC  is in units of Kelvin, 
the logarithmic difference found in (29) is unitless. Equation 
(29) may be solved for this logarithmic difference,

   
, 

2 1ln  ln   scaling C Cooper pair
vol F interaction T

C T
V d H

                    (29)

As TC rises, the left-hand-side difference approaches zero, 
which is the same as saying

 
, lim   

C scaling

Cooper pair
interaction TT C

H


                 (30)

Therefore, one must conclude that Cscaling forms some 
unattainable upper limit, because there is no physical way 
the sum of all the energy exchange mechanisms transferring 
energy between the electron pairs and each mechanism, 
summed, can be inϐinite. Thus, one may state the following for 
the maximum critical superconducting temperature,

    min max
C C scalingT T C                    (31)

Here Cscaling can be written, if one assumes only one 
mechanism is responsible for the majority of energy transfer, 
as

  m m
scaling

B
C

k
 



─

                 (32)

Here, ─ is the reduced Planck’s constant, and kB

is Boltzmann’s constant, given respectively, by
271.054571817 10  erg sec  and 161.3806 10  / .erg K  Therefore, 

the second ratio yields temperature. The ϐirst ratio is unitless.

Averages over the mechanism types are given by

  m
m

mm N
                     (33a)

  m
m

mm N
                   (33b)

Here wm are the characteristic mechanism energies, am 
their weights, and Nm the total number of mechanisms.

Consider the upper inequality in (31).

  max
C scalingT C                  (34)

Convert this to an equality, and substitute in (32).

  m mmax
C

B
T

k
 



─                    (35)

Once one decides on a desirable maximum critical 
superconducting temperature, the averaged mechanism 
characteristic frequency of the interactions is pinned down. 
That is,

  max B
m C

m

kT 



─                 (36)

Since each alpha factor am is on the order of unity, 

 ~1 m                                                    (37)

Also, the Boltzmann to reduced Planck constant ratio is,

11 1 1 1 .31 10Bk K s   
─

                   (38)

To convert this expression into something recognizable, 
it is useful to relate eV to ergs. The conversion is 

121 1 .60218 10  .eV erg   By (36),

  max
m B C

m
k T 


─                  (39)

Using the conversion,
4  0.8617 10  max

m C
m

T eV


 ─                   (40)

If one sets max
CT  to be room temperature, namely about 300 

K, used (37), then (40) yields

 0.08 m eV ─                   (41)

However, (35) and (41) are not correct for many 
mechanisms, some contributing equally to the energy 
exchange. Energy exchange is an additive, not an averaged 
effect. Therefore, the correct expression is

  mm m
scaling

B
C

k



  ─

                  (42)

Giving

  mmax m m
C

B
T

k



  ─

                   (43)

Equation (43) demonstrates a fundamental property 
of the energy exchange mechanisms. That they are additive 
in the renormalization second quantization model, when 
contributing to the critical superconducting temperature. The 
more viable mechanisms that can be realized when making 
a compound superconducting lattice, the higher the possible 

.max
CT Thus, one should strive for compound superconducting 

materials which have as many possible mechanisms as 
obtainable.

VI. Atomic/Molecular Mass, Unit Cell Volume, 
Atom Count Trends

It was long ago recognized that for single-atom, elemental 
superconductors, the critical temperature seemed to be 
related to the atomic mass. Let us take a look again at this 
trend. First note that the isotope effect was conϐirmed, which 
showed that if there were several isotopes, the heavier 
isotopes had higher critical temperatures. This was one of the 
original conϐirmations of the Bardeen-Cooper- Shrieffer (BCS) 
theory of superconductivity. Take eleven elements from Table 
1, plotting each of their TC'S against atomic weight AW, as 
shown in Figure 3. The purple line shows the overall trend, 
which supports the idea that larger AW leads to a higher. But 
this is only an approximate trend, as there are two outliers, 
vanadium V and hafnium Hf.
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One can also calculate the unit cell volumes of the elemental 
superconductors plotted in Figure 6. Element lattice constants 
and their crystal structures are given in Table 4. The volume 
results are provided in Table 5, after enlisting the following 
formulas for the unit cell volumes:

 3
,   unit cell

cubic face centeredV a                   (44a)
 3
,   unit cell

cubic body centeredV a                   (44b)
 2

,   unit cell
tetragonal face centeredV a c                 (44c)

 
,   unit cell

orthorhombic body centeredV abc                 (44d)2
 

, 
3 3  

2
unit cell
hexagonal close packed

a cV  
               (44e)

     3  1  1 2unit cell
rhombohedralV a cos cos                     (44f)

The last formula (44f) is not obvious, but it is a result of the 
rhombohedral geometry of the unit cell. The second-to-last 
formula for the hexagonal close-packed unit cell arises from 
ϐinding the area of a single isosceles triangle, then multiplying 
by the unit cell height.

One can plot the theoretical temperature TC against the 
unit cell volume, and this is displayed in Figure 7.

In fact, there is a general trend, with increasing critical 
temperature as unit cell volume increases. But it is a very 
rough trend, with several outliers, namely V, Ta above the 
trend line, and Hf, Zr, and Ga below the trend line.

Nevertheless, these trends for TC against atomic weight 
AW and against unit cell volume encourage us to do something 
similar for the higher TC compound superconducting 
materials. Of course, the original high TC materials were 
the YBCO [44] – [47] or ReBCO families (Re = rare-earth 
element). Cuprate superconductors are a family of high-
temperature superconducting materials made of layers 
of copper oxides CuO2 alternating with layers of other metal 
oxides, which act as charge reservoirs. Their superconducting 
properties are determined by electrons moving within weakly 
coupled copper-oxide CuO2 layers, with neighboring layers 
containing ions such as La, Ba, Sr, or other atoms that act to 
stabilize the structures and dope electrons or holes onto the 
copper-oxide layers. The undoped compounds are known 
as Mott insulators with long-range antiferromagnetic (AFM) 
order at sufϐiciently low temperatures. 

There are other high TC materials which are not in the YBCO 
or ReBCO families. This includes 2 1 2HgBa Ca Cu On n n    with TC = 

Figure 6:  Superconducting elemental critical temperature versus 
elemental atomic weight.

Figure 7:  Critical superconducting temperature TC  against the unit cell 
volume given in Å3.

Table 3: Cartesian polynomial names for atomic orbitals.
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Table 4: Elemental superconductors, their crystal structures, and lattice constants.

Element Crystal Structure Lattice Constants (Å)

Al, Aluminum Face-centered cubic a = 4.0493

Ga, Gallium Orthorhombic base-centered a = 4.5205, b = 7.6625, c = 4.5266

Hf, Hafnium Hexagonal close-packed a = 3.1942, c = 5.0512

Hg, Mercury Rhombohedral a = 3.0106, α = 70.5290

In, Indium Tetragonal body-centered a = 3.2516, c = 4.9471

Pb, Lead Face-centered cubic a = 4.9499

Re, Rhenium Hexagonal close-packed a = 2.7610, c = 4.4584

Ta, Tantalum Cubic body-centered a = 3.3029

Tl, Thallium Hexagonal close-packed a = 3.4566, c = 5.5252

V, Vanadium Cubic body-centered a = 3.0272

Zr, Zirconium Hexagonal close-packed a = 3.2322, c = 5.1479
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133 – 138 K [26]. A superconductor containing both mercury 
and thallium is Tl1.6Hg0.4Ba2Ca2Cu3O10−δ, which has a TC = 130 K 
[48]. There are other Hg/Tl superconductors, a 1234 cuprate 
superconductor, like Cu0.5(Tl0.5−yHgy)Ba2Ca3Cu4O12−δ, which 
has improved interlayer coupling [49]. Thallium-based SCs 
without mercury have a lower TC [50,51]. The thallium family 
of high-temperature superconductors has the general formula 
Tl2Ba2Can-1 CunO2n+4+x. Generally, TC increases with the number 
n of CuO2 copper planes, peaking at n = 3. Another group of 
non-rare earth superconductors is the bismuth-strontium-
calcium-copper-oxide family, Bi2Sr2Ca n-1CunO2n+4+x [52] 
- [57], with n =2 being the most commonly studied family, 
although n=1 and n=3 have also been given attention too. 
Their Tc’s are 107 – 160 K. 

Cuprate superconductors are copper-oxide-based ceramic 
materials known for having the highest superconducting 
transition temperatures (TC) at ambient pressure. The highest 
TC values are generally found in materials with three or more 
copper-oxide (CuO2) layers per unit cell. 

Here are some of the most prominent cuprate 
superconductors with very high TC: 

1. Mercury-Based Cuprates (Hg-series) 

These are considered the highest TC materials at ambient 
pressure. 

HgBa2Ca2Cu3O 8+δ :(Hg-1223): Currently holds the record 

for highest TC at ambient pressure, with Tc≈134 K [26]. Under 
high pressure, this can increase to 164 K, which one wishes 
to avoid when trying to operate at standard conditions. Here 
δ indicates non-stoichiometric oxygen, which is essential to 
provide the necessary "holes" for superconductivity. It has a 
tetragonal crystal structure,  3.85 , 15.7 a b Å c Å    [58], [59]. 
Its unit cell volume is

   2 : HgBa2Ca2Cu3O 8ä 2 3    3.85 15.7   232.7 unit cell
tetragonalV a c Å Å Å    (45a)

 : HgBa2Ca2Cu3O 8ä  1 6unit cell
tetragonalN                     (45b)

HgBa2CaCu2O6 (Hg-1212): TC ≈128 K [60].

HgBa2CuO4 (Hg-1201): TC ≈94 K [61].

2. Thallium-Based Cuprates (Tl-series) 

Tl2Ba2Ca2Cu3O10 (Tl-2223): TC ≈125 K [62].

It has a face-centered tetragonal crystal structure, 
 3.85 , 35.78 .b Å c Å   Its unit cell volume is

   2 : Tl2Ba2Ca2Cu3O10 2 3
;     3.85 35.78   530.35 unit cell

tetragonal face centeredV a c Å Å Å      (46a)

 :Tl2Ba2Ca2Cu3O10
;  1 9unit cell

tetragonal face centeredN                 (46b)

TlBa2Ca3Cu4O11 (Tl-1234): TC ≈122 K [63]. The structure 
is tetragonal, with four CuO2 layers, with lattice constants a = 
3.85 Å and c = 19.1 Å.

Tl2Ba2CaCu2O8 (Tl-2212): TC ≈108 K. 

3. Bismuth-Based Cuprates (BSCCO) 

Bi2Sr2Ca2Cu3O10 (Bi-2223): TC ≈110 K [64].

It has a body-centered tetragonal crystal structure, 
 3.835 , 36.9 .a b Å c Å    Its unit cell volume is

   2 : Bi2Sr2Ca2Cu3O10 2 3
;     3.835 36.9   542.70 unit cell

tetragonal body centeredV a c Å Å Å                (47a)
 : Bi2Sr2Ca2Cu3O10

;  1 9unit cell
tetragonal body centeredN                  (47b)

Bi2Sr2CaCu2O8 (Bi-2212): TC ≈85 K [65-70].

4. Rare-Earth Barium Copper Oxides (ReBCO) 

YBa2Cu3O7 (YBCO): TC ≈92 K. This was the ϐirst material found 
to superconduct above the liquid nitrogen temperature (77 K), 
with the rare-earth element being Re = Y. It has an orthorhombic 
crystal structure, 3.82 , 3.89 , 11.67 a Å b Å c Å    [71]. When 
the oxygen content changes, that is the doping to induce either 
holes or electrons as the conducting carriers, by changing O7 
to O7-δ with δ > 0.6, which makes a shortage of oxygen, and 
a small positive pool of carriers (holes), then the crystal 
structure changes from orthorhombic to tetragonal. Its unit 
cell volume will be

    ; YBa2Cu3O7 3
,     3.82 3.89 11.67 173.4 unit cell

orthorhombicV abc Å Å Å Å     (48a)

 :  1 3unit cell YBCO
orthorhombicN                (48b)

Critical superconducting temperature versus unit cell 
volume can be plotted, and is shown in Figure 8, using the 
equation results seen in (45a), (46a), (47a), and (48a).

One concludes from inspection of Fig. 5 (look at the purple 
curve) that there is no marked association between TC and 
increasing unit cell volume. However, there is a trend (green 
curve) for the rare-earth and mercury-based superconductors 
to have increasing TC with increasing unit cell volume. For 
thallium and bismuth-based superconductors, there is a 
reverse trend for decreasing TC with increasing unit cell 
volume. These two counter trends are what generate the lack 
of any general apparent trend.

Iron pnictides have relatively high 'CT s  too. And they are 

Table 5: Elemental superconductors and their unit cell volumes.
Element Unit Cell Volume ψm =- 3 + ψm = 3 

Al, Aluminum 66.40
Ga, Gallium 138.9
Hf, Hafnium 160.3
Hg, Mercury 23.49
In, Indium 52.31
Pb, Lead 121.2

Re, Rhenium 88.30
Ta, Tantalum 36.03
Tl, Thallium 66.01
V, Vanadium 27.74
Zr, Zirconium 139.7
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thought to give a perspective on non-BCS mechanisms, so they 
have been extensively investigated. Figure 9 provides the unit 
cell crystal structure of 1111-type ferropnictide. 

Iron-based superconductors of the group 
of oxypnictides were initially called ferropnictides. The 
crystal structure of these compounds displays conducting 
layers of iron and a pnictogen (typically arsenic (As) 
and phosphorus (P)) separated by a charge-
reservoir block [8]. It has also been found that some 
iron chalcogens and crystallogens superconduct. 

Iron-based superconductors are classiϐied according to 
their crystal structure and chemical formula into the following 
main families,

A. 1111-type, with representative compounds 
LaFePO, LaFeAsO, SmFeAsO, PrFeAsO, and LaFeSiH. 

Let’s ϐind the unit cell volume of LaFePO [72-76]. 
Its crystallographic dimensions are for its tetragonal 
structure  4.005 , 8.796 ,a b Å c Å   with alternating layers 
of La-O and Fe-P stacked along the c-axis. Bond lengths are 

LaFePO LaFePO3.40 ,  2.38 ,La P La Od Å d Å    and LaFePO 2.53 .Fe Pd Å 

   2 : LaFePO 2 3    4.005 8.796  1 41.09 unit cell
tetragonalV a c Å Å Å                (49a)

 : LaFePO0   4unit cell
tetragonalN                 (49b)

Its TC = 4 - 7 K.

For LaFeAsO, it is not superconducting, has AFM ordering, 
and is a semimetal. But doping with ϐluorine, or hydrogen, 
changes that [77] – [85]. For LaFeAsO1-x Fx, and x = 0.1, it has 
TC ≈26 K and a single domed behavior with the AFM ordering 
suppressed. For LaFeAsO1-x Hx. It has TC ≈36.5 K. Lattice 
parameters are  4.035 , 8.746 .a b Å c Å   . Therefore, its unit 
cell volume is

   2 : LaFeAsO 2 3    4.035 8.746  1 42.40 unit cell
tetragonalV a c Å Å Å                (50a)

 : LaFeAsO0   4unit cell
tetragonalN                  (50b)

There are two superconducting domes are seen with H 
doping, an x range of 0.08 < x < 0.1. For a TC versus x doping 
plot, ϐirst dome occurs at 0.08 < x < 0.1 with TC ≈26 - 29 K, and 
second dome occurs at 0.3 < x < 0.35 with TC ≈ 36 - 37 K. What 
is happening here is that the H anion H- replaces the O anion 
O2-, releasing an electron for conductivity (of course, pairing is 
required in actual superconductive transport since the basic 
unit of charge for superconductivity is 2e- ).

For SmFeAsO, the key is to dope with either ϐluorine or 
hydrogen atoms [86], [87]. For using F doping, the highest 
TC = 55 K occurs for SmFeAsO0.8F0.2. (Note that NdFeAsO1-

xFx has also been found to have a similar TC .) It has unit cell 
dimensions of  393 , 8.48 .a b Å c Å   .

   2 : SmFeAsO0.8F0.2 2 3    3.93 8.48  1 30.97 unit cell
tetragonalV a c Å Å Å            (51a)

 : SmFeAsO0.8F0.2   4unit cell
tetragonalN                                  (51b)

Using hydrogen doping, SmFeAsO1-xHx, TC = 55 - 58 K, 
where 0.07 0.16.x   Lattice parameters are

  3.918 , 8.441 .a b Å c Å  

   2 : SmFeAsO1 xHx 2 3    3.918 8.441  1 29.58 unit cell
tetragonalV a c Å Å Å       (52a)

 : SmFeAsO1 xHx   4unit cell
tetragonalN                   (52b)

What is special about these 1111-type superconductors is 
that they have high upper critical ϐields 0 2cH  exceeding 100 T.

For PrFeAsO, superconductivity results from doping, 
suppressing the AFM spin density wave (SDW) [88] – [94]. Its 
lattice dimensions are a = b = 3.98 Å, c = 8.65 Å. Its unit cell 
volume is

   2 : PrFeAsO 2 3    3.98 8.65  1 37.02 unit cell
tetragonalV a c Å Å Å               (53a)

 : PrFeAsO   4unit cell
tetragonalN                  (53b)

Under doped PrFeAsO using F doping to reduce O atoms 
yields PrFeAsO0.7F0.3 and a TC = 25.2 K. Reducing O content 
slightly and reducing F further to cause an atom imbalance 

Figure 8:  Cuprate superconductors giving  TC  versus unit cell volume 
(Å3). Shown are mercury-, thallium-, bismuth-, and rare-earth- based 
compounds.

Figure 9:  Crystal unit cell structure of a LnFeAsOF class of 1111-type of ferro-
pnictides, where Ln = a lanthanide series element, Ln = La, Ce, Pr, Nd, Pm, 
Sm, Eu, Gd, Tb, Dy, Ho, Er, Tm, Yb, Lu. Pnictide elements are Pn = N, P, As, Sb, 
Bi, Mc [77].
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gives PrFeAsO0.65F0.15 with TC = 47 - 52 K. An interesting 
observation is that replacing the La atom (radius 1.87 Å) with 
the smaller radius Pr atom (radius 1.82 Å), induces a sort of 
“chemical pressure” due to the 2.7 % radaii reduction.

For LaFeSiH ( see [95] – [99]), lattice dimensions are a = b 
= 4.027 Å, c = 8.037 Å. Its unit cell volume is

   2 : LaFeSiH 2 3    4.027 8.037  1 30.33 unit cell
tetragonalV a c Å Å Å              (54a)

 : LaFeSiH   4unit cell
tetragonalN                  (54b)

Its iron-silicon atom height separation is 1.20 .Fe Sid Å  And 
its TC = 10 K.

B. 111-type such as LiFeAs, NaFeAs, and LiFeP. 

LiFeAs has a TC = 18 K, tetragonal crystal structure, with 
lattice dimensions of a = b = 3.7914 Å, c =6.364 Å [100,101], 
with multiple nodeless superconducting (SC) gaps with 2𝛥/
𝑘𝐵𝑇𝑐 ratios varying from 2.8 to 6.4, depending on the Fermi 
surface (FS) [102]. The superϐluid density (𝑇)=𝜆2(0)/𝜆2(𝑇) is 
well described by the self-consistent two-gap 𝛾 model [103]. 
Its 3D electronic has been examined [104]. Using density 
functional theory (DFT) and functional renormalization group 
method, the superconducting order parameter is found to be 
of s+- type driven by collinear antiferromagnetic ϐluctuations, 
with the parent compound displaying no magnetic order, 
but superconductivity [105]. Superconducting pnictides are 
widely found to feature spin-singlet pairing in the vicinity 
of an antiferromagnetic phase; however, in LiFeAs, a study 
shows antiferromagnetic order to be absent and almost 
ferromagnetic ϐluctuations, which drive an instability toward 
spin-triplet 𝑝-wave superconductivity [106]. However, the 
system can be tuned toward a spin-density-wave (SDW) 
quantum-critical point, showing that LiFeAs is a strongly 
correlated system and its superconductivity is likely from the 
SDW ϐluctuations [106]. Its unit cell volume will then be

   2 : LiFeAs 2 3    3.791 6.364   91.46 unit cell
tetragonalV a c Å Å Å    (55a)

 : LiFEAs   3unit cell
tetragonalN      (55b)

For NaFeAs, its TC = 4 - 25 K, tetragonal crystal structure, 
with lattice dimensions of a = b = 3.947 Å, c = 6.991 Å. It typically 
exhibits a tetragonal-to-orthorhombic phase transition 
( 53 58 Tetra ortho

phaseT K    and a collinear antiferromagnetic 
(SDW) transition (  40 45 coll AFM

SDWT K  ), and coexistence of 
superconductivity and magnetic ordering [107]. It was found 
in another study that this compound is found to undergo three 
successive phase transitions at around 52, 41, and 23 K, which 
correspond to structural, magnetic, and superconducting 
transitions, respectively, and the Hall effect indicates an 
energy gap at low temperature due to the occurrence of spin-
density-wave instability, giving direct experimental evidence 
of the magnetic ordering in the nearly stoichiometric NaFeAs 
[108]. Angle-resolved photoemission spectroscopy (ARPES) is 
used to study twinned and detwinned iron pnictide compound 

NaFeAs, with distinct signatures of electronic reconstruction 
(orbital anisotropy in dxy and dyz bands), and observed to occur 
at the structural (TS) and magnetic (TSDW) transitions, with 
implications for observance of nematic electronic phase in 
iron pnictides [109]. Another ARPES study looked at kz band 
dispersions and  dz2 orbital [110]. 3D electronic structure 
of the nematic and antiferromagnetic phases of NaFeAs has 
been investigated [111], as well as electron nematicity and 
unidirectional antiferroic ϐluctuations [112]. Numerical 
LDA+DMFT calculations compared with ARPES data show 
that effective mass renormalization near the Fermi level is of 
order m*/3, due to Fe 3d orbital correlation effects without 
boson mode effects [113]. Its unit cell volume will then be

   2 : NaFeAs 2 3    3.947 6.991  1 08.91 unit cell
tetragonalV a c Å Å Å    (56a)

 : NaFEAs   3unit cell
tetragonalN      (56b)

For LiFeP, its TC = 4 - 25 K, tetragonal crystal structure, 
with lattice dimensions of a = b = 3.692 Å, c = 6.031 Å. Original 
discovery, see [114]. There is a change in the topology of 
the Fermi surface where a hole pocket with Fe dz2 orbital 
character changes its geometry from a closed shape in the 
local-density approximation to an open shape upon inclusion 
of correlations - low TC and the nodal gap observed in these 
materials relates this [115]. The discontinuity in the speciϐic 
heat 𝛥𝐶 at TC violates the global trend in 𝛥𝐶/TC with TC [116]. 
Using DFT to obtain electronic DOS, overlapping of bands near 
the Fermi level (3s P state far below EF, 3d Fe state near EF, and 
Li above EF) shows the metallic nature of LiFeP [117]. Its unit 
cell volume will then be

   2 : LiFeP 2 3    3.692 6.031   82.21 unit cell
tetragonalV a c Å Å Å                 (57a)

 : LiFeP   3unit cell
tetragonalN                  (57b)

C. 11-type FeSe

A key observation is that the clean superconducting 
phase for FeSE exists only in those samples prepared with 
intentional Se deϐiciency [118], [119]. It shows a spin-density 
wave (SDW) ground state [120]. This superconductor has a TC 
= 8 - 9 K, tetragonal crystal structure, with lattice dimensions 
of 3.765 5., 50 a b Å c Å   . Its unit cell volume will then 
be

   2 : FeSe 2 3    3.765 5.50   77.96 unit cell
tetragonalV a c Å Å Å                 (58a)

 : FeSe   2unit cell
tetragonalN                  (58b)

The binary compound FeSe has the ability to reach a TC over 
65 K in monolayer ϐilms on substrates like SrTiO3. This may be 
of more than passing interest if there were a way to use this 
fact by fabricating stacked binary SC-perovskite sandwiches 
into conducting wires for grid power movement.

D. 122-type such as BaFe2As2, SrFe2As2 and CaFe2As2

BaFe2As2 does not display superconductivity in its pure 
form, but only with a fourth elemental doping, such as K atom 
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doping to generate holes, giving Ba1-xKxFe2As2 with a TC = 38 
K for x = 0.4 [121], or Co atom doping generating electrons, 
yielding BaFe2-x CoxAs2 with a TC = 22 K for x = 0.2 [122]. Density 
functional theory (DFT) calculations have been performed on 
this material [123]. Achieving high critical current densities JC 

can be attained by removing nano-cracks at grain boundaries 
[124]. Ni doping has also been done, giving BaFe2-x NiAs2 with 
a maximum of 20.5 K at x = 0.096 [125]. Annealing can raise TC 
[126]. Lattice parameters are a = b = 3.96 Å, c = 13.01 Å.

   2 : BaFe2As2 2 3    3.96 13.01   201.0 unit cell
tetragonalV a c Å Å Å                 (59a)

 : BaFe2As2   5unit cell
tetragonalN                 (59b)

SrFe2As2 also does not yield superconductivity in its pure 
form, but only with a fourth elemental doping, such as K atom 
doping (x = 0.4) to generate holes or seen even higher doping x 
= 0.5 – 0.6 for K or Cs doping [127], [128], giving Sr1-xKxFe2As2 
with a TC = 37 - 38 K, or Co atom doping (x = 0.2) generating 
electrons, yielding SrFe2-x CoxAs2 with a TC = 20 K [129]. Lattice 
parameters are a = b = 3.925 Å , c = 12.35 Å .

   2 : SrFe2As2 2 3    3.925 12.35  1 90.26 unit cell
tetragonalV a c Å Å Å               (60a)

 : SrFe2As2   5unit cell
tetragonalN                    (60b)

Finally, CaFe2As2 does not yield superconductivity in its 
pure form, but only with a ϐifth rare-earth elemental doping, 
such as Re = La, Ce, Pr atom doping, with Pr doping (x = 0.1) Ca1-

xPrxFe2As2, and the highest TC = 49 K [130]. Lattice parameters 
in this collapsed tetragonal state are a = b = 3.97 , c = 10.61  
(down from the ambient value of c = 11.69 ).

   2 : CaFe2As2 2 3    3.97 10.61  1 67.22 unit cell
tetragonalV a c Å Å Å               (61a)

 : CaFe2As2   5unit cell
tetragonalN                   (61b)

Note here that talking about pnictides using externally 
applied pressure to elevate TC is not done to prepare HTC 
superconductors for ready application in grid power lines, 
because one desires room temperature operation under 
standard conditions, which means no use of high pressures.

Compared with other families, the synthesis of the 122 
compounds is relatively easy, which facilitates the 
investigation of these systems.

E. 42622-type such as Ca4Al2O6Fe2As2 and 32522-
type such as Ca3Al2O5Fe2As2

Ca4Al2O6Fe2As2 requires doping to give Ca4Al2O6−yFe2As2 and 
is of the general class Al-42622(Pn), Ca4Al2O6−yFe2(Pn)2, where 
Pn = As, P [131], [132]. These new materials are synthesized 
by using the high-pressure synthesis method. Al-42622 shows 
a superconducting critical temperature Tc at 28.3 K for Pn = As 
and 17.1 K for Pn = P. It is well-known that the Fe–As layers 
responsible for superconductivity create the charge carriers 
and transfer them to the perovskite blocking layers. Within 
the series of blocking layers, Tc strongly depends on the 

crystal structure parameter such as the As–Fe–As tetrahedron 
bond angle α. Replacement of key atoms by smaller ionic 
radius atoms causes considerable shrinkage in the lattice 
constant making α approach the regular ideal tetrahedron 
angle α = 109.5°, resulting in emergence of superconductivity 
with Tc becoming a maximum when As–Fe–As α approaches 
109.5°. The lattice parameters of Al-42622(Pn) are a = 3.713 
Å, c = 15.407 Å, and 3.692 Å, c = 14.934 Å for Pn = As and 
P, respectively, are the smallest among the iron-pnictide 
superconductors. Correspondingly, Al-42622(As) has the 
smallest As–Fe–As bond angle α = 102.1° and the largest As 
distance from the Fe planes dAs-Fe = 1.5 Å.

Unit cell volume for a tetrahedron requires knowledge of 
lattice dimensions a and c. It is given by

Thus, for Pn = As,

   2 : Ca4Al2O5Fe2( As)2 3  3.713 Å 15.407 Å   212.41 unit cell Pn
tetragonalV Å   (62a)

 : Ca4Al2O5Fe2( As)2  1 5unit cell Pn
tetragonalN                   (62b)

When Pn = P,

   2 : Ca4Al2O5Fe2( )2 3  3.692 Å 14.934 Å   203.56 unit cell Pn P
tetragonalV Å   (63a)

 : Ca4Al2O5Fe2( P)2  1 5unit cell Pn
tetragonalN                   (63b)

Ca3Al2O5Fe2As2, which again is synthesized by using 
the high-pressure method, and requires doping to give 
superconductivity as Ca3Al2O5−yFe2As2, and is of the general 
class Al-32522(Pn), where Pn = As, P. Al-32522(Pn) shows 
a Tc at 30.2 K for Pn = As and 16.6 K for Pn = P [133].

Figure 10 gives the pnictide superconductor TC versus unit 
cell volume.

One concludes from inspection of Figure 7 that there is a 
rough increase in TC with increasing unit cell volume.

Discussion
Much can be discerned from examination of the elemental 

Figure 10:  Shows the pnictide superconductor Tc versus unit cell volume 
(Å).
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superconducting materials, cuprate high-temperature 
superconducting materials, and the pnictide superconducting 
materials. Especially remarkable is the maximum TC seen for 
the pnictide SC materials, which is roughly  50 pnictide

C max
T K

. Since the consensus, looking at all of the literature in the 
pnictide SC area, seems to be that there is a non-BCS mechanism 
responsible for the superconductivity, likely a spin-mediated 
anti-ferromagnetic phenomenon, the contribution based on 
additive Hamiltonian matrix elements, would be to utilize 
(43), and break out each mechanism contribution to the 
critical SC temperature

   ;  max m m m m
C C C

Bm
T T T

k
 


  ─                 (62)

Here, the summation is over all energy exchange 
mechanisms contributing to the Hamiltonian. Equation (62) 
is very telling. It says that it may be very likely that each 
mechanism contributing to TC  gives about 50 K toward upping 
the critical temperature.

 Now turn attention to the element SCs. There we 
saw that  10 elemental

C max
T K  . It is known that electron-phonon 

energy exchange is responsible for this superconductivity. 
This is the conventional superconductivity, known as the BCS 
type of superconductivity. Let’s be generous and identify the 
maximum BCS type of superconductivity as  50 .BCS

C max
T K . 

This then gives us insight into understanding the original of the 
maximum, under standard conditions, for cuprate SCs, which 
is on the order of  150 .cuprate

C max
T K . Because it is understood 

from the literature that charge density waves (CDW) may be 
active in curate SCs, and spin density waves (SDW) have also 
been identiϐied, this may be all that is necessary to explain 
the highest seen of all superconducting material TCs in 
cuprates, once one accepts the likely possibility that BCS type 
of conventional superconductivity is also contributing to TC. 
Thus, for cuprate SCs, the equation for TC is

 
, , 

    3 50 150 max m
C C

m BCS SDW CDW
T T K K



                   (63)

The next question, given the understanding gained from 
these arguments, is how to elevate the TC toward room 
temperature operation. Clearly, three other mechanisms must 
be found if one associates a maximum contributing m

CT  of 50 
K, recognizing that standard room temperature conditions are 
associated with a temperature of 293.15  (20 68 )stand

rmT K C F  . 
But one may also use other temperatures as a reference, such 
as 298.15  (25 77 )stand

rmT K C F  . An approximation to any of 
these chosen standard-like conditions would be to use 300 K, 
and that gives us

    2
stand

rm
max

C

T
T

                   (64)

Conclusion
This presentation has covered the quantum wave nature 

of the superconducting electrons, the 3D crystal lattice 

effect on the quantum wavefunction pairing overlap, orbital 
spatial characteristics, and the energy exchange mechanisms 
relationship to the critical superconducting temperature TC . 
Shown also are the trends for elemental, cuprate, and pnictide 
superconductors.

It has been discovered that tractable relationships can 
be derived that relate the energy exchange mechanisms to. 
Forecasting which new solid-state chemical compounds will 
yield much higher results and lead to practical implementation 
is a very difϐicult problem. However, in our treatment, how 
potential energy exchange mechanisms may contribute 
to both the Hamiltonians and the mechanism critical 'm

CT s
, provides a way forward to elevate the superconducting 
critical temperature to room temperature.
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